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Abstract: In this paper we study the Feynman propagators for eight non-linear 
Schrodinger equations, linearized along a classical trajectory, by using the quantum 
mechanical formalism of the de Broglie-Bohm. 

PACS 03.65 - Quantum Mechanics 

1. Introduction: The Feynman Propagator 

In 1948,[ 1 ] R. P. Feynman formulated the following principle of minimum action 
for the quantum mechanics: 

The transition amplitude between the states \ a > and \ b> of a quantum-mechanical 
system is given by the sum of the elementary contributions, one for each trajectory 
passing by \ a > at the time t and by\b>at the time t^ Each one of these contributions 

have the same modulus, but its phase is the classical action S ^for each trajectory. 


1 This article it is dedicated to the Memory of the Paulo de Tarso Santos Alencar (1940-2011), our 
colaborator in some of the chapters of that text. 
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This principle is represented by the following expression known as the "Feynman 
propagator": 

K(b, d)= f b a exp [ ^ S(b, a)] D x(t ), (1.1) 

where S(b, a) is the classical action given by: 

t b 

S(b, a)= f t L (x, x, t) dt , (1.2) 


L(x, 'x, t) is the Lagrangean and D x(i) is the Feynman’s Measurement. It indicates that we 
must perform the integration taking into account all the ways connecting the states | a > 
and | b >. 

The eq. (1.1) which defines K(b, a) is called path integral or Feynman integral 
and the Schrodinger wavefunction v F(x, 1) of any physical system is given by (we indicate 
the initial position and initial time by x q and t Q , respectively): [2] 

¥(*,0= f-Z K(x, x q , t, t Q ) 'ViXj t Q ) dx Q , (1.3) 

with the quantum causality condition : [3] 

lirn A K(x, x ; t, t ) = 5(v - x ). (1.4) 

t, t —> 0 v o o J v o J v y 

O 

2. The Feynman-de Broglie-Bohm Propagator for the Non-Linear Schrodinger 
Equations 

Now, let us calculated the Feynman propagators for eight non-linear Schrodinger 
equations, linearized along a classical trajectory, by using the quantum mechanical 
formalism of the de Broglie-Bohm. [4] 

2.1. The Bialynicki-Birula-Mycielski Equation 

In 1976 and 1979, [5] I. Bialynicki-Birula and J. Mycielski proposed a non-linear 
Schrodinger equation, to represent time dependent physical systems, defined by: 

6 ;V F(x, t) fT d 2 v F(v, t) 

1 dt ~ 2m dx 2 + 

+ { V(x, t) ~ in [T^, t) Y (x, ^)]} x T(x, t ), (2.1.1) 

where Tfc, 1) and V(x, t ) are, respectively, the wave function and the time dependent 
potential of the physical system in study, A, is a constant, and (*) means complex 
conjugate. 
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2.1.1. The Wave Function of the Bialynicki-Birula-Mycielski Equation 

Writting the wave function v F(x, 1) in the polar form defined by the Madelung- 
Bohm transformation [6,7] we obtain: 

T^x, t) = cp(x, t ) x exp [i S(x, t)], (2.1.1.1) 

where cp(x, t) will be defined in what follows. 

Calculating the derivatives, temporal and spatial, of (2.1.1.1), we get 
[remembering that exp [i 5] is common factor]: [4] 

fT <3cp 8S 

~^ = exp(iS)( ~Q t ), (2.1.1.2a) 


d 2x ¥ d 2 i p dS <3cp 

J x J=exp(iS)[ dx2 +2i^ dx + i cp 


d 2 S 

dx 2 


<p<f> 2 ] 


(2.1.1.2b) 


... dip . dS 
dt +l * 


h 2 d 2 i p 

2 m dx 2 + 


2 i 


dS fcp 
fa dx + 1 


d 2 S 

dx 2 


<p<f> 2 ] 


[ V(x, t) 


h r }\j 

~Y In (cp) 2 ] cp , 


(2.1.1.3) 


Separating the real and imaginary parts of the relation (2.1.1.3), results: 
a) imaginary part 

h dip h 2 _ 1 8S dip d 2 S . 

— ^7= “4 (2 — “a - "a + —o), (2.1.1.4) 

ip dt 2 m v ip dx dx fa 2 ’ v ’ 


b) real part 


dS__ J_ c ?cp 
dt~ 2 m cp dx 2 


-) 2 1 
dx ' * 


V(x, t ) 


ln ((p)2 


(2.1.1.5) 


2.1.2. Dynamics of the Bialynicki-Birula-Mycielski Equation 

Now, let us see the correlation between the expressions (2.1.1.4-5) and the 
traditional equations of the Ideal Fluid Dynamics [8] a) Continuity Equation, b) Euler’s 
equation. To do this let us perform the following correspondences: 

Quantum density probability : | T^x, t) | = ¥ (x, t) v F(x, t) <—> 

Quantum mass density : q(x, t) = cp 2 (x, t) <—> y/p = cp , (2.1.2.la,b) 
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Gradient of the wave function: 


h_ 6S(x, t) 
m dx 


Quantum velocity : v (x, t) = v , (2.1.2.1c,d) 

(jU CfU 


Bohm quantum potential : 


V (x, t)=V 

qu ' qu 


h 2 a 2 cp _ h 2 1 d 2 sJq 
2 ^<p & 2 " 2m Ve a * 2 ’ 


( 2 . 1 . 2 . 1 e,f) 


Putting the relations (2.1.2.1a-d) into the equation (2.1.1.4) and considering that 3(ln 
x)/8y = (1 lx) (Gx/Gy) and tn(x m ) = m In x, we get: [4] 


d_ 

dt 


\tn (cp')] - 


h , d z s 8S d 


m { dx? 




d . h . d z S 8S d __ h d_S aS J_ ao 


at 


(fn q) = 


w [ ax 2 


ox ox ^ /7 ^ w ^ 0 X 2 + ox o Gx ^ 


a h as h_ as i a^ i a^ 

8x^ m 8x ' m dx' q dx q dt 


dv V 
_qu _qu 

ax - *-■ u 


q ax 


a(e v ) 

vv — f l l!' 


8x 


dx 


^ = 0 , ( 2 . 1 . 2 . 2 ) 


which represents the Continuity Equation or Mass Conservation Law of the Fluid 
Dynamics. We must note that this expression also shows a coherent effect in the physical 
system represented by the Bialynicki-Birula-Mycielski Equation ( BBM-E) [eq. (2.1.1)]. 


Now, let us obtained another dynamic equation of the BB-ME. So, differentiating 
the eq. relation (2.1.1.5) with respect x and using the eqs. (2.1.2.1a-e), we obtain: 


_a^ = _ hi a j_ a^p as 2l _a_ 

dx dt 2m dx'- y q x 2 ^ dx ' ' + dx ^ 


In (cp 2 ) ] 


a h_ as 

dt m dx ' 


Erro! 

X_, , i.IApAffij 

dx^ 2 m 2 f dx 2 m 2 m ^ 7 2 dx ^ m dx 7 
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We note that the eq. (2.1.2.6) has a form of the Second Newton Law , being the first term 
of the second member is the classical newtonian force , the second is the quantum 
bohmnian force, and the three, is the Bialynicki-Birula-Mycielski force. 

2.1.3 The Quantum Wave Packet of the Linearized Bialynicki-Birula- 
Mycielski Equation along a Classical Trajetory 

In order to find the quantum wave packet of the linearized Bialynicki-Birula- 
Mycielski Equation ( BBM-E) along a classical trajetory, let us the considerer the ansatz: 

[9] 

2 

q(jt, t) = [2 71 a 2 (t)] 1/2 x exp {— ~ ~ } (2.1.3.1a) 

2 a (t) 

or [use eq. (2.1.2.1a,b)]: 
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tp(jv, t) = [2 71 a 2 (0] 1/4 x exp {- ~ ^ ^ } (2.1.3.1b) 

4 a (?) 

where a(/) and eft) = <x> are auxiliary functions of time, to will be determined in what 
follows, representing the width and the center of mass of wave packet , respectively. 

Differentiating the expression (2.1.3.1a) in the variable t, and remembering that x 
and t are independent variables, results: 

2 

§7 = - \ [2 7i a 2 (t)]~ 312 x [4 7i a(t) a(f)] x exp {- - ” 2 ^ } + 

Ul 2 a (t) 

, n 2. A1 -l/2 v , [x ~ < 7 (Q 1 2 _a fx-c/(Q] 2 
+ [2 71 a (0] x exp {- 2 } x - 2 } = 

2 a (t) Ul 2 a ( t) 

.... r . ?.. ..-i , 4 a 2 (0r* - <7(01 x r—<7(01 “ 4a(t)a(t)x[x~q(t)f 
~ Q {[2 7i a(t)] x [2 7i a (0] + 4 } -> 

4a (0 


M, Mir / A1 , Mr . a -i 2 . 

^ = Q {- ^ + _ 2 , A [* - M01 + [x - q(t )] } . (2.1.3.2) 


MO a 2 (0 


« (0 


Substituting the eq. (2.1.3.2) into eq. (2.1.2.2) and integrating the result, we have (we 
consider null the integration constant): 


a (t) q(t) ... , a(Q r Q </» n 

e {- n ( t \ + 2 ^ M _ M0] + 3 , J* _ M01 } + = o 

a (0 a (0 


5x 




f , M0 <7(01 . M0 ............ 

6 V = f 6 fl 2 w x ( a(0 [x ~ + 9W M 8x 


1 


= n / e { 


M0 MzMOl v . M0 


qu Q 


a(t) 


Cl 


\f) M0 


( f7f[x-q(i)] + q(i))}dx. (2.1.3.3) 


Now, using the eq. (2.1.3.1a), we can right that: 
5 - - MO r „ _ 3 r M0 


M0 


ax {Q [ a(0 [ *“ m + 'M0 ]} = Q ^ [ a(0 [X ~ m + ' q(t) ] + [ a(0 [ *“ m + q{t) ] 


dq 

8x 
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Q 


M 

a(t ) 


[ f(|[*-tf(0] + V(0] 


d 

<3x 


([2 7i a 2 (0] 1/2 x exp { 


[x~ q(t)] 2 x 
2 a 2 (t) 1 


Erro! 


= a !« + [ ^ [ ^' )1+ < !,( ' )lxe{ " 


[x-q(t)] 
a\t ) 1 


5 


M 


a* <et + ?(<)] >=e{ fl(() 


a_ [x - qjt) 1 M 




■(0 «(0 


[ ^-g(0]+W)]}. (2.13.4) 


Substituting the eq. (2.1.3.4) into the eq. (2.1.3.3), results: 


V = q f Ik [ ^ ■*“ ?(*)] + V(0 ]} 5x 


«(i) 


dx( t ) a( t) 

\k‘^kr=itk-‘iw + ‘i^ < 2 - L3 - 5 ) 


We observe that the integration of the eq. (2.1.3.5) give us the bohmnian quantum 
trajectory of the physical system considered. 

To obtain the quantum wave packet [ v F(x , /)] of the BBM-E given by eq. (2.1.1), 
let us expand the functions S(x, t), V(xt), V ^(x, t) and V BBM ( X ^ 0 around of q{t) up to 

second Taylor order. [9] In this way, we have: 


Six, t) = S[q(t), t ] + Sr[q(t), t] x [x - q(t)\ 


nq(t)tl 


[x-q(t)r, (2.1.3.6) 


V(x, t) = V[qit), t ] + V[q{f), t] x [x - q(t)] 


t] 


[x - q(t)] , (2.1.3.7) 


V x - 0 = v d m l] + r d q{i) ’ l] * [x ~ m 




[x-q(t)r, (2.1.3.8) 


U 1 . ') = ( B,1] X [* - ?(0] 




[ x • q(t)] 2 . (2.13.9) 
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where (’) and " means, respectively, and 

Differentiating the eq. (2.1.3.6) in the variable x, multiplying the result by h/m, 
using the eqs. (2.1.2.1c,d) and (2.1.3.5), results: 


h_ 8S(x, t) 
m dx 


~ x [x~ q(t)\ + S ^ x [ x - q(t)] 2 } = 


a (t) 

V (x> t)= W) [x ~ m + q(t) 


m 'q(t) 


m a(t) 


S[i 7(0, t] = STM), t] = . (2.1.3.10a,b) 

Substituting the eq. (2.1.3.10a,b) into the eq. (2.1.3.6), we have: 

S(x, t ) - S Q (0 + [x ~ q(t)] + 2ha(t) ^ “ q(t ^ ’ ( 2 - 1 - 3 • 11 a ) 


where: 


S 0 (f) = SLq(t),f\ t (2.1.3.11b) 


are the quantum action. 

Differentiating the eq. (2.1.3.11b) in relation to the time t, we obtain (remem¬ 
bering that dx/dt = 0): 

oS d_ m 'q(t) , m a(fl 2 , 

dt = s o (l) + ad h > + ad 2 h «(() ^ 


ss "<jW m'q\t) 

dt s oW h - ^<0] - h 


m a (t) 
2 h [ a(t) 


a \t) 
a 2 (t) 


[x ~ qt(t)] 2 


m a (t) q(f) 
h a(t ) 


[x ~ q(t )] . 


(2.1.3.12) 


Considering the eqs. (2.1.2.1a,b) and (2.1.3.1a), let us write V given by eq. (2.1.2.1 e,f) 

C[U 

in terms of potencies of [x - q(t)]. Before, we calculate the following derivations: 


dtp 

dx 


([2 7i u 2 (i)] 1/4 x exp {- 


dx 


rx-qfOl 2 ^ 

4 a 2 {t) * 



n 2. A1 -1/4 v s [*-<7(01 , v A f [* ~ q(t)] 2 x 
\2na (01 x exp{ ~ 2 } x ^ {- 2 , x } 

4 a (7) Cx 4 a it) 


n 2/- A1 - 1/4 v f \x~q(t)]\ v , [* ~ g(QL 
_ - [2 71 a (01 x exp {- 2 ) x { 2 }, 

4 a (/) 2 a (7) 


dx 


* 

dx' 


Ai. A, ro 2 . A1 - i/ 4 v , r* - <7(oi x v , r*-<7(oi x 

.2 = ax ( “ [2 71 a Xex P{~ A „2^ } X { „ _2,, } 


4 a(i) 


2 ci\i) 


n 2. A1 - 1/4 v , l x ~ <7(01 , v iL l x ~ <7(01 x 

[2 n a ml x exp {- 9 !■ x ^ { 9 

F 4 a 2 (t) f dxl 2 a 2 (t) 


n 2/- A1 - 1/4 v , [*~<7(01 , v A s ~ [* ~ </(01 2 , 

[2 it fl (01 x exp {- 2/ x } x fa ( A 2,, 1 

4 a (7) Cx 4 a (t) 


n 2/- A1 - 1/4 , [* ~ <7(01 2 , . , [* ~ <7(01 x . 1 , 

2 = - [2 ti a (7)] x ex/7 { - 2 , A ) x ( 9 2, A > x 9 2, A + 

ox 4 a (7) 2 a (7) 2 a (7) 

, n 2/- A1 - 1/4 v , J* - <7(01 2 x x v , [* - <7(7)1 2 , 

+ [2 it a (7)] x exp {- 2/ , 1 1 x ( „ 2 ,. } 

4 a (t) 4 a\t) 

lfi^ = [*^f_^ (2 . L3 . 13) 

<P fix: 2 4 a(t) 2 a(t) 

Substituting the relation (2.1.3.13) in the equation (2.1.2.le), taking into account the expression (2.1.3.8), and 
considering the identity of polynomial, results: 

<l u 2m 4 a(t) 2 a(t) 

v q A <> = v A qit) ' r] + 1] x [x “ + 1 4 x t x - q(0i 2 - 

h 2 h 2 

v au m, t\ = - —277, v m, t ]=0, r rq(t), t]=- -—4- - 

9 U 4 m a A (t) qu qu 4 m a (t) 


V \q(t),t\ = -— - 

4 m cC(t) 8 m a(t) 


h~ 2 

J-J-U-q(t)r. (2.1.3.14) 


Now, let us write V BB]f given by eq. (2.1.2.4b) in terms of the potencies of [x, - q(t)]. Initially using the eqs. 
(2.1.3.1a) and (2.1.3.9) and considering the identity of polynomial [remembering that in ( ab ) = in a + in b, In 
exp(x) = x and in a =r in a], results: 
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V BB J- X ’ 0 = E« Q = y 1 x ([2 it « 2 (0] 1/2 x exp {- ^ } ) : 


: - (h X/ 4) x {£« [2 jt a 2 (t) + - -y" — } = 

2 a~(0 


= w^> r] + ^ x [x ~^ v+ 1 t] x r* - q(t)] 2 


W« (r) ’ t] = ~ ih 1/4) X * ln [2 U «"«]}, V BB-M^ 0 = 0 ’ 

hX 

^BBM^’^' 7“77 

BBM 4 a -( t ) 

9 h A. 9 

^9(0, t] = ~ ih m) x ^ E ” [2 71 a (t)]} - JjZ x [x “ ^ • (2. 1 .3. 1 5) 

Using the eqs. (2.1.1.5), (2.1.2.1c-e) and (2.1.2.4b), results: 

. dS h” 1 d 2 m m h dS 2 h X 2 , 

“ h ¥ =[ “ 2^9 + 2 (-^) ] + - 

SiS* W2 2 

h ei + 2 v + ^ ') + V’ # “ W*> r) = 0 • (2 - L116) 


Inserting the eqs. (2.1.3.5,9,14,15) into eq. (2.1.3.16), we obtain: 

m'q(t) 


11 w + ™ x t* - 9(0] - fk [ t§)- 7 ^] x t* - 9(0] 2 - 


h 

w a(Q 'q(t) 
h a(t) 


x [x ~ 9(0] } + \ { ( x “ 9(0] +9(0 } 2 + 


+ V\q(t), t\ + V[q(t), t] x \ F'[q(t), t] x [x - q(t )] 2 + 


h" h 9 h X 9 h X 9 

“ T~ ~ ~ 4— x [x ~ 9 ( 0 ]' + ~Y x E« [it a ( 0 ] + “ 9~ x [x ~ 9(0]' = 0 

4 m a ( t ) 8 m a (t) 2 2 a (t) 


Since (x - 9 ) = 1, we can gather together the above expression in potencies of (x - 9 ), obtaining: 

ftt 'SJt) - ' q 2 (t) + V\q(t), t] + 9 + “f E« [it a 2 (f)]} x [x - q(t)]° + 


4 «; a 


+ {m "q(t) + U[ 9 (t), *]} x [x - 9 ( 1 )] + 


m a(/) 1 !r h A 2 

T^T + ^’[q 1 -*]- 7-^--y- x[x-(q)t)r = 0. (2.1.3.17) 

2 fl (U 2 8ma (t) 2 a“(t) 
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As the above relation is an identically null polynomium, the coefficients of the potencies must be all equal to zero, 
that is: 


1 1 9 

' s 0 ( t ) = h>2 m q ~~ ^(7)7] 


4 m a~(t) 


2 “p in [k a 2 (t)]} , (2.1.3.18) 


■q+^V\q(t), ?] = 0 , (2.1.3.19) 

1 . h 2 hi 


q(t),t]-7jx: + 


4 m 2 a 3 (t) m a M 


0 . (2.1.3.20) 


Assuming that the following initial conditions are obeyed: 

q(0)=x , 'q( 0) = v , a(0)=a , a(0) = b , (2.1.3.2la-d) 


and that [see eqs.(2.1.2.1c,d) and (2.1.3.11b)]: 


5 (0) = 

o 


m v x 
o o 


(2.1.3.22) 


the integration of the expression (2.1.3.18) will be given by: 

-I 2-n 


S a U) = ft f‘o df { 2 m _ ^(0, 


h hi 9 

“ 277“ — [" a V)]} + 

4 m a (t) q 


m v x 
o o 


(2.1.3.23) 


Taking into account the expressions (2.1.3.1 la,b) in the equation (2.1.3.23) results: 

-2 


S(x, t) = ^ f [df {| m ; q {{) - F[^(f), r'] ■ 


hk 9 

“ 277“ 7T E ” [7t + 

4m a (t) 4 


mvx ■ 


777 a(7) 


h X ^ + 2h^(0 X ^ ■ (2. 1 .3.24) 


This result obtained above permit us, finally, to obtain the wave packet for the BB-ME. Indeed, considering the 
equations (2.1.3.1b) and (2.1.3.23), we get: [4] 

v T(x, t) = [2 it a\t)f 1/4 exp [ ^— ] x[x - ^(t)] 2 } x 

. im'q(t) , imV o X o . 

x exp { 7— x \x- q(t)] + r } x 


exp \ ^ f [ df { ^ m ' q 2 (t ') - F[</(f), f] - 


4 m a (?') 


2 in [ji a 2 (t')]} ] . (2.1.3.25) 
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2.1.4. Calculation of the Feynman Propagator of the Linearized Bialynicki-Birula-Mycielski Equation along a 
Classical Trajetory 

The looked for Feynman-de Broglie-Bohm propagator of the linearized BBM-E along a classical 
trajectory, will be calculated using the eqs. (1.3) and (2.1.3.25). However, in the eq. (1.3), we will put with no loss of 
generality, t = 0. Thus: [4] 

T(x, t)= j + _ZK(x, x q , t, 0) T(x () , 0) dx g . (2.1.4.1) 

Initially let us define the normalized quantity: 

®(v^, x, t) = (2 Ji a~) 1/4 v k(v o , x, t ), (2.1.4.2) 

which satisfies the following completeness relation'. [3] 

f-Z dv 0 °*( v ,y t) ®(v q , x', t) = ( ) 8(x - x’). (2.1.4.3) 

Considering the eqs.(2.1.1.1), (2.1.2.la,b) and (2.1.4.2,3), we get: 

*F (x, t) x T(x, t) = cp 2 (x, t) = q(x, t), (2.1.4.4) 

®*(v q , x, t) v F(v o , x, t) = 

= (2 71 «o) 1/4 *F (v , X, t) V k(V o , x, t) = (2 71 fl„) 1/4 q(v q , x, t) —* 

2—1/4 * 

q(v q , x, t) = (2 7i a 0 ) 4 <t> (v , x, t) *P(v , x, t). (2.1.4.5) 

On the other side, substituting the eq. (2.1.4.5) into eq. (2.1.2.2), integrating the result and using the expressions 

d d d d * 

(2.1.3.1a) and (2.1.4.2) results [remembering that ~Qf = 'P T'li °°) —► 0, and the integration for parts]: 

g(3>* T) 5(0 "' V J _ a 

dt + dx 



12 



3 /* + 00 * 

si J -oo dx<J> Y = 0. (2.1.4.6) 

The eq. (2.1.4.6) shows that the integration is time independent. Consequently: 

/ ! " dx' ®*(v o , X', t) t)= f-Z dx o o' X o , 0 ) T(x o , 0 ). (2.1. 4 . 7 ) 

Multiplying the eq. (2.1.4.7) by ®(v q , x, t) and integrating over v° and using the eq. (2.1.4.4), we will obtain 

/ + 00 

_ ^ dx'fix') 5(x'- x) =/(x)]: 

- oo J - oo dv Q dx ' ®(v 0 , X, 0 ® (V o , x', t) T(x', t) = 

= f-Z f-Z dv 0 dx 0 ®(vo°V 0 ,x o ,o)®(x o ,o) -> 

/ - Z dx ' ( § c*' - *) o=(~~) t) = 


f-Z f-Z: dv 0 ®(V , X, 0 ®*(v o , x 0 , 0) T(x o , 0) 


^(x, 0 = 


f + oo , , m , /* + oo , 

J -°o^2^h } J -oo d \^\,x,t) 


X 


X ®*(v , x , 0) } ¥(x , 0) dx . (2.1.4.8) 

O O o o 

Comparing the eqs. (2.1.4.1,8), we have: 

K(x, x g , t) = ( ) f + -Z dv 0 °( v 0 > f ) ®*(v q , x g , 0) . (2.1.4.9) 

Substituting the eqs. (2.1.3.25) and (2.1.4.2) in the equation (2.1.4.9), we obtain the Feynman Propagator of the 
linearized Bialynicki-Birula-Mycielski Equation along a classical trajetory, that we were looking for, that is 

i m v x 

* O O 

[remembering that ® (v , x , 0) = exp (— --)]: 


m c + oo , o 

*(X’X o ; 0= 2^h j -* dv o ft) 



Xex p( [ if 


Jm'qit) r , ,, . 
x exp { —x [x - q(t )] } x 


exp ( jr fgdt { ^ m Vy 2 (f) - F[</(f), f] ■ 


hk 


4 «; a~(t’) ^ 


n a 2 


E« [ti a (f) } ), (2.1.4.10) 


where q(t) and a(t) are solutions of the differential equations given by the eqs.(2.1.3.19,20). 

Finally, it is important to note that putting X = 0 and V\q{f), f\ = 0 into eq. (2.1.4.10) and eqs. (2.1.3.19,20) 
we obtain the free Feynman propagator. [2,4] 
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2.2. The Bateman-Caldirola-Kanai Equation 


In 1931/1941/1948, H. Bateman, [10], P. Caldirola [11] and E. Kanai [12] proposed a non-linear 
Schrodinger equation, to represent time dependent physical systems, defined by: 


i h 




dt 


t) h , , x 5" 
— =- Y^i exp(rKt) x _ 


Zfc t) 

dx 2 


+ exp (X t) x V(x, t) x *P(x, t ), (2.2.1) 

where 'V(x, t) and V(x, t) are, respectively, the wave function and the time dependent potential of the physical system 
in study, and X is a constant. 

2.2.1. The Wave Function of the Bateman-Caldirola-Kanai Equation 

Putting the eqs. (2.1.1.1) and (2.1.1.2a,b) into the eq. (2.2.1), we have: 

5m 55 h 2 
/h( 5r + '> ¥ ) = “ 2 J 1 ex P(-^ t ) >< 


X [ 


5 2 cp 55 5m . 5 2 5 

dx 2+ ' 8x dx + ' 9 8x 2 


8 S 2 

9 ( fa ) ] + exp ( X t) x V(x, t) x (p , 


( 2 . 2 . 1 . 2 ) 


Separating the real and imaginary parts of the relation (2.2.1.2), results: 


a) imaginary part 


h 5([) 

tp dt 


2 m 


exp (- X t) x ( 2 


j_ 55 5cp d 2 S 
tp dx dx + 8x 2 ' ’ 


( 2 . 2 . 1 . 3 ) 


b) real part 



2 m 


exp (— X t) x [ 


J_ 5 2 (p 
‘P dx 2 


55 t 

&)' ] + exp(Xt) x V(x, t) 


(2.2.1.4) 


2.2.2. Dynamics of the Bateman-Caldirola-Kanai Equation 

Now, let us see the correlation between the expressions (2.2.1.3-4) and the traditional equations of the 

Ideal Fluid Dynamics [8] a) Continuity Equation, b) Euler’s equation (for conservative systems) or b Navier-Stokes 
equation (for non-conservative systems). Thus, putting the eqs. (2.1.2.la-f) into the eqs. (2.2.1.3-4), and using the 
same operational protocol of the item (2.1.2), we obtain: [4] 

5p , „ s , ^ ’qu 5p, 

~xj; + exp (- X t) x ( o & +v gu ^) = 0 - 


5q 

dx 


+ 


9 & V BCK l 
dx 


= 0, 


(2.2.2.1a) 


where: 


V BCK~ eX P(~ Xt '> XV q u’ ( 2 - 2 ' 2 - lb ) 
is the Bateman-Caldirola-Kanai quantum velocity. 
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We observe that the eq. (2.2.2.1a) represents the Continuity Equation or Mass Conservation Law of the 
Fluid Dynamics. We must note that this expression also indicates coerence of the considered physical system 
represented by the Bateman-Caldirola-Kanai Equation ( BCK-E ) [eq. (2.2.1)]. 


Now, let us obtained another dynamic equation of the B—C—KE. So, differentiating the eq. relation 
(2.2.1.4) with respect x and using the eqs. (2.1.2.1a-e), we obtain: 


- d 2 S h" . „ . 3 1 3 2 (p 

dx dt 2m ex P ^ ^ X dx ^ (p q x - 


dS ? 

( fa) \+exp Qvt) x 


8 V(x, t) 
dx 


d_ h_ dS_ 

dt ^ m dx ' 


= — exp (- X t) 


A, 

dx ' 


J_ d 2 (p exp (~ X t) d 

2 > ~ 2 dx 


2 m ‘P dx 


h_ 35 2 exp (I t) dV(x, t) 
^ m dx ' m dx 


dv 

qu 

dt 


exp (~Xt) 
m 


dV 

qu 

dx 


dv 

exp(- X t) x V(/u x -gf 


exp (X t) dV(x, t) 
m dx 


( 22 . 2 . 2 ) 


Multiplying the eq. (2.2.2.2) by exp (— X t), using the eq. (2.2.2.1b) and its temporal derivate, we obtain: 

dv 

exp (- X t) ~Qf = 


exp (~2X t) ° ^qu 

m dx 


- exp(~ X t) x v x 
qu 


d[exp(-XQv qu JL dv(x ^ {) 


dx 


— — X 

m 


dx 


OV BCK . ^ V BCK . 1 3 

^ + V x*. + x 

dt BCK dx m dx 


< V+V BCK 


BCK’ 


(2.2.2.3a) 


where: 


V BCf Xx, t ) = exp (-2 Xt) V qu (x, t), (2.2.2.3b) 


is the Bateman-Caldirola-Kanai quantum potential. 

We observe that, although the eq. (2.2.2.3a) had the aspect of the Navier-Stokes equation [8], the same 
represent a conservative system, since when X —> oo, then and * 0, by eqs. (2.2.2.1b; 2.2.2.3b). 

BCK BCK 

Considering the substantive differentiation (local plus convective) or hydrodynamic differentiation, given 
by the eqs. (2.1.2.5a,b) and inserting into eq. (2.2.2.3a), results: 

d 2 x d 

m +mX v BCI Xx, t) = ~ [ V(x, t) + V^x, t) ], (2.2.2.4) 

has a form of the Dissipative Second Newton Law, being the second term of the second member the Bateman- 
Caldirola-Kanai force. 

2.2.3 The Quantum Wave Packet of the Linearized Bateman-Caldirola-Kanai Equation along a 
Classical Trajetory 

In order to find the quantum wave packet of the linearized Bateman-Caldirola-Kanai Equation (BCK-E) 
along a classical trajetory, we calculate the given by the eq. (2.2.2.1b). So, using the same operational protocol 

BCK 

of the item (2.1.3), we have: [4] 
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W x > f) = lx ~ ?( ' )] +q(t) ■ {223A) 

We observe that the integration of the eq. (2.2.3.1) given the bohmnian quantum trajectory> of the physical system 
considered represented by the eq. (2.2.1). 

To obtain the quantum wave packet [T^x , t)] of the BCK-E given by eq. (2.2.1), let us expand the 

functions S(x, t), V(xt), V (x, t) and V n „Ax, t) around of q(t) = <x> up to second Taylor order. [9] In this way, we 
qu BLK 

have: [4] 

S(x, t) = S[q(t), t] + ST\q(t), t\*[x- q(t)\ + x [x - q(t)] 2 , (2.2.3.2) 

V(X, t) = V[q(t), t\ + V[q(t), t\ x [x ~ q(t)\ + F [q ^ t) ’ t] X [x - q(t)] 2 , (2.2.3.3) 

v qu (x, = v q u [q ®’ t] + v q J q(t) ’ t] x [x “ &)] + 


+ \ P [q(t), t] x [x - q(t)] 2 , (2.2.3.4) 


V BCK^ = V BCK ?] + V BCK [qit) ’ X [X “ ^ + 


+ i r BCK [q(t) ’ t]x[x -q (t)]2 ’ (2 - 23 - 5) 


m ait) m a (t) ? 

S(x, t) = S Q (t) + [x - q(t )] + [x ~ q(t)] 2 , (2.2.3.6) 


dS 


d_ m 'q(t) 


d_ m a (t) 


dt = \ {t) + Ft { h f- Y “ q( W } + 2M0 “ q(t V } 


dS .„ "q(t) m i q 2 (t) 

dt =s o (t) + h h + 


m a(t) a 2 (t) 


+ Hi 


2 m a(t) 'q(t) 


h a(t) 


x [x - q(t)] . (223.1) 


where: 


S Q (t) = S[q(f),ti, (2.2.3.8) 


are the quantum action [see eq. (2.1.3.11b)]. 

Now, let us write V (x, t) and V Jt „Jx, t) in terms of potencies of [x - q(t)]. So, using the eqs. (2.1.2.1e), 
qu BCK 

(2.1.3.1b), (2.1.3.13), (2.2.2.3b), (2.2.3.4) and (2.2.3.5), results: 


V (x, t) = - 5 — - 

c ‘ u 4 m a\t) 8 m a'(t) 


h~ 9 

J-x[x-qU)}-, (2.23.9) 


V BdS X ’ ^ = ex P 2 ^ 0 x { ". 2 , 


4 m a (t) 8 m a (t) 


h 9 

J- y [x-q(t)Y } ■ (2.2.3.10) 
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Using the eqs. (2.1.2.1c,d), (2.1.2. le), (2.2.1.4), (2.2.2.1b) and (2.2.2.3b), we obtain: 


-h 


55 h 
dt 


I <L_£ . , 


2 m ex p (- * o x [ ^ & 2 + ( &n+^ o- o x n*, t ) 


5*S* ^ 2 

h 37 + exp (- A./) x [ yv ?M + V (x, t) ] + exp (X t) x F(x, 0 = 0 


55 »; o 

h ^ + exp (A. 0 x [ — [exp (- X t) v ] + exp (~2kt)x V (x, t ) + F(x, 0 ] = 0 


55 m 2 

h -ft + exp (Xt) x [ y v 5CK - + F(x, t) + V BCK (x, t) ] = 0 . (2.2.3.11) 


. . 2 2 

t x m q(t) r , m q it) m r a a (Y) r , x ,2 

h m + ~ir x “ ~i^ + 2b 1[ WY~ x lx ~ q(t)r ~ 


m a (t) p(Q 
h a(t) 


x [x - ^(t)] } + 


+ exp (X t) x ( y { yy [x - 9 (t)] +9(0 } 2 ) + 


+ exp (X 0 x { F[ 9 ( 0 , 1 ] + V\q(t), 0 x \ Hq(t), t] x [x - q(t )] 2 } + 


h 2 h 2 

+ exp (~Xt)x{ ~ - 577 - -- 4 - x [x - 9(0 ] 2 } • (2.2.3.12) 

4 m a (0 8 m a (t) 


Since (x - q)° = 1, we can gather together the above expression in potencies of (x - 9 ), obtaining: 


? 171 9 

( h ‘5 (0 _ m ’9 (0 + exp (Xt) x { y 9 (t) + V[q(t), t] } + 


exp (- X 0 h” „ , ,,o 

; ■{ ) X [x - 9(0] 

4 m a 


+ 


m kit) 'q(t) 

+ {rn 9(0 + yy [exp (X 0 - 1] + exp (X t) V[q(t), t]\ x [x - 9(0] + 


m a(0_ ayo exp (X t) 

{ 2 l «(0 fl 2 ( o J 2 ( 


m a 2 (Q 

« 2 (0 


+ r [q(t), t] ) - 


exp (- X t) h" 
8 m a 4 (t) 


hX 
2 a 2 (t) 


} x [x -(q ) t )] 2 = 0 . 


(2.2.3.13) 


As the above relation is an identically null polynomium, the coefficients of the potencies must be all equal to zero, 
that is: 


1 ? m exp (— X 0 h 

S (0 = u ( m '<1 ~ exp (Xt)x { —q(t ) + V[q(t), t] } - — y—), (2.2.3.14) 

0 n z 4 m a (0 


17 



a(0 '<7(0 


v[q(t), t] 


q + [ex P ^ () ~ 1] + ex P (X () X ~^T^ = 0 ’ (2.2.3. 1 5) 


^ t) -^ +ex p ( ^ t)x ^~B ) + 


m } Xa( t) = , 2 4 ■ (22.3.16) 

111 4 m a (t) 


Assuming that the following initial conditions are obeyed: 


q(0)=x , q{ 0) = v , a(0)=« o , a(0) =/> , (2.2.3.17a-d) 


and that [see eqs.(2.1.2.1c,d) and (2.1.4.1 lb)]: 


m v x 

5 0 <°> =— (2.2.3.18) 


the integration of the expression (2.2.3.14) will be given by: 


j /* * i tu 

s a U) = ]” f o df { m q~(0 - ex P (*-0 x ( y W) + (]) “ 


/ -l t.2 7ft V X 

Z \ ' >+^. (2-2.3.19) 

4 a (t) n 


Taking into account the expressions (2.2.3.19) in the equation (2.2.3.6) results: 


1 /* t .2 Wl 

S(x, t)= jr J Q df ( m 'q (f) ~ exp (X, f) x { ~'q(t') + 


Erro! 


+ X [x - q(t)\ + X [x - q(t)] 2 . (2.2.3.20) 


This result obtained above permit us, finally, to obtain the wave packet for the BCK-E. Indeed, considering the eqs. 
(2.1.1.1), (2.1.3.1b) and (2.2.3.20), we get: [4] 

*(X, 0 = [2 71 a\t)] 1/4 x exp { [ ^ x [- T “ ?W] 2 } x 


■ /a i mv x 

, J m _ oo, 

x exp { ^ x [x - ry(t)] + r } x 


i r t 2 aw 

exp [ j" J G dt' ( 7« 'q (f) - exp (X /') x { —q(t') + 


+ F[?(0, n I - e ~^ ( V? h - (2.2.3.21) 
4 m a~(t ) 


2.2.4. Calculation of the Feynman Propagator of the Linearized Bateman-Caldirola-Kanai Equation along a 
Classical Trajetory 
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For to calculated the Feynman-de Broglie-Bohm propagator of the linearized BCK-E along a classical 
trajectory, will be following the same operational protocol of the item (2.1.4). Thus, by using the eqs. (2.1.4.1-3,5,9), 
we can write that: [4] 

'F(.r, t) = f ! “ K(x, x ( 't, 0) T(.r o , 0) dx , (2.2.4.1) 

0(v , x, t) = (2 7i a~) 1/4 T(v , x, t) , (2.2.4.2) 

/ - Z dv o 0*(v Q , x\ t ) <f (v o , x\ 0 = ( ) 5(x - x'), (2.2.4.3) 

V(x, t) = / - “ { ( ) j + -Z dv Q <t, ( v 0 > *) °*( v 0 » -V °) °) °) } x 

x T(x , 0) dx Q . (2.2.4.4) 


Comparing the eqs. (2.2.4.1,4), we have: 

TYl /* + oo * 

K(x, x o , t ) = ( j- ) J _ „ dv Q <f»(v o , x, t) <t> (v o , x q , 0) . (2.2.4.5) 

Substituting the eqs.(2.2.3.21) and (2.2.4.2) in the equation (2.2.4.5), we obtain the Feynman Propagator of the 
linearized Bateman-Caldirola-Kanai Equation along a classical trajetory, that we were looking for, that is 

i m v x 

* OO 

[remembering that <t> (v , x , 0) = exp (— -j"-)]: 


K(pc, x\, t) = ( 



x 


,r a, 

{ [ 2 h a(t) 


_ 1 _ 

4 a 2 (f) 


x [x - q(t)] 2 } x 


,im'q(t) r ,,, , 

x exp { —jr-x [ x - q-(r)] } x 


i r t ? 

x exp [ j" J Q df { m 'q (f) - exp(k f) x ( y'p(f) + F[p(f), tj ) - 


exp (~ A. f) h 2 
4 m a 2 (f) 


}], ( 2 . 2 . 4 . 6 ) 


where q(t) and a(t) are solutions of the differential equations given by the eqs.(2.2.3.15,16). 

Finally, it is important to note that putting X = 0 and V[q(t'), f] = 0 into the eqs. (2.2.4.6) and (2.2.3.15,16) 
we obtain the free Feynman propagator. [2,4] 

2.3. The Diosi-Halliwell-Nassar Equation 

In 1998, L. Diosi and J. J. Halliwell [13] proposed a non-linear Schrodinger equation, to represent time 
dependent physical systems, defined by: 

&¥{x, t) _ h 2 a 2 T(x, t) 

1 8t 2 m 8x 2 
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+ [ V(x, t) + Xx X(t) 


. \x-q(t)T 

/h( 2 

a 


n(0 I* ~ q{t) i 


) ] >< v(x, t) , 


(2.3.1) 


where ‘{'(x, t) is a wave function which describes a given system, X(t) is the position of classical particle submitted to 
a time dependent potential V(x, t ), q(t) = <x(t)>, and X and a are constants. 

However, as the eq. (2.3.1) is not normalized, Nassar [14] considered a(t) and r|(t) = a{t)/\x, q(t)\, and 
proposed that: 

&¥{x, t) _ h 2 g 2 yfa t) 
dt 2 m & 2 + 


/ h \x — q(t) 1 

+ [ V(x, t ) + XxX(t) - t-( 1 1 ) ] x V(x, t ), (2.3.2) 

f u a 

where a is a constant. The eq. (2.3.2) represents a Schrodinger Equation for Continuous Quantum Measurements or 
Diosi-Halliwell-Nassar Equation ( DHN~E ). 


2.3.1. The Wave Function of the Diosi-Halliwell-Nassar Equation 

Putting the eqs. (2.1.1.1) and (2.1.1.2a,b) into the eq. (2.3.2), we have: [4,15.3] 

. 5m dS h 2 5 2 (p dS dm d 2 S dS 2 
/h( 5t + '> ¥ ) = “ ,2+2/^ & + /9 72 -‘P(^) ] + 


dt 


2 m 


dx~ 


dx 


dx 


;h \x — q(t)] 

+ [V(x,t) + XxX(t)~ j-( ~ 1) ] x <p(x, t ), (2.3.1.1) 

4 0 a (t) 


Separating the real and imaginary parts of the eq. (2.3.1.1), results: 


a) imaginary part 


h 5g)_ h" J_ 55 5cp d 2 S 1 \x - r/(Q] 2 
tp dt 2 m ^ “ <p dx dx + q x 2 ' 4a^ 


(2.3.1.2) 


b) real part 


dS__ J_ 5^p 
5t 2 m'- tp q x 2 


( f ) 2 ]+F(x,/) + kT«). 


(2.3.1.3) 


2.3.2. Dynamics of the Diosi-Halliwell-Nassar Equation 

Now, let us see the correlation between the expressions (2.3.1.2-3) and the traditional equations of the 
Ideal Fluid Dynamics [8] a) Continuity Equation, b) Euler’s equation (for conservative systems) or b’) Navier-Stokes 
equation (for non-conservative systems). Thus, putting the eqs. (2.1.2.1a-f) into the eq. (2.3.1.2), and using the same 
operational protocol of the item (2.1.2), we obtain: [15.1] 


5o _ Q j£ - q(t)] 

dt dx 2n' X( t \ 


X (2.3.2.1) 


expression that indicates decoherence of the considered physical system represented by the Diosi-Halliwell-Nassar 
Equation ( DHN~E) [eq. (2.3.2)]; then the Continuity Equation its not preserved. 
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Now, let us obtained another dynamic equation of the DHN~E. So, differentiating the eq. (2.3.1.3) with 
respect x and using the eqs. (2.1.2.1a-e), we obtain: 


8 h 8 S 


dt 


( m Q X ^ 


8 h 2 1 d 2 ( p 1 8 h 8 S 2 1 dV(x, t) X 

dx' 2 m 2 ‘P dx 2 2 dx^ m dx' m dx m ^ 


5v 




5v 




dt + V qu dx m 


+ -X(t) = - 


1 d 


& (F + F u ). (2.3.2.2) 


We observe that the eq. (2.3.2.2) had the aspect of the Euler Equation [8] for a ideal fluid in movement. 

Considering the substantive differentiation (local plus convective) or hydrodynamic differentiation, given 
by the eqs. (2.1.2.5a,b) and inserting into eq. (2.3.2.2), results: 


d~x 
dt 2 


dx 


['kxX(t)+V(x,t)+V qi (x,t)] 


m^=~Xx + F c (x, OU (0 + F q (x, t)\ x=x{t) , (23.2.3) 

eq. that has the form of the Second Newton Law, being the terms of the second member, respectively, the classical 
newtonian force and the quantum bohmnian force. 

2.3.3 The Quantum Wave Packet of the Linearized Diosi-Halliwell-Nassar Equation along a 
Classical Trajetory 

In order to find the quantum wave packet of the linearized Diosi-Halliwell-Nassar Equation ( DHN~E ) 
along a classical trajetory, we calculate the v . So, using the same operational protocol of the item (2.1.3), we have: 

[15.1] 

V x > ^ s ^dT = % [x “ *«] ( 2 - 3 - 3 - 1 ) 

Multiplying the eq. (2.3.3.1) by q(x, t) [eq. (2.1.3.1a)] and differenting the result in the variable x, we have [remenber 
that aft) and </(t)]: 

alt) 

q(x, t) x v qu (x, t) = q(x, t) x { [x - q(t)] + q(t) }, 
d ad dq 

& ( ev ) = ( « )x &[e(^-9)] + 9 & - 

da do do 

&<ey = ( 5x + Q] + ? 

8 , . , a x a Sq . 8 q 

fe(Qv^) = g( ] + q ^ - 
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h (e v )=Q( « )+ & [( t )( *-* )+ * ] - ( 2 - 3 - 3 - 2 ) 


Using the eq. (2.1.3.1a), we have: [4] 


d£ (x - q) 

& = - e x ^ . (23.3.3) 


Inserting the eq. (2.33.3) into eq. (2.33.2), results: 

& ( eV = e( f)-e x * £ J Zl x[( - a ){x-q) + q. 

Additing the eqs. (2.13.2) and (2.33.4), we have: 

dp d , _ , a 'q a 

at + & (e V = ex « + 

+ q* {( f)“ i£ 7^x[( J)(*-?)?]}=o 

f + l ( e V ) = 0 ’ (2 ' 33 ' 5) 


(2.33.4) 


} + 


result that is incompatible with the eq. (23.2.1). So, to make compatible it is necessary to substitute the eq. (2.33.1) 
by one modified quantum velocity ( v qum ) defined by: [14] 

v-’ [ ^« + r; lx[j: " ,<,)1+ ' ,( ' ) ' (2 ”- 6) 


We observe that the integration of the eq. (2.33.6) give us the bohmnian quantum trajectory of the physical system 
represented by DHN~E. 

To obtain the quantum wave packet [ v T(x , t)] of the DHN~E given by eq. (2.3.2), let us expand the 

functions S(x, t), V(xt), and K (x, t) around of q(t) = <x> up to second Taylor order. [9] In this way, using the eq. 

(2.1.3.14) we have: 

Six, t ) = S[q(t), t) + S[q(t), t] x [x - q{t)] + S ^ t] x [x - q(t)] 2 , (2.33.7) 

V(x, i) = V[q(t), t] + V\q(i), t ] x [ x - q(t)] + - ^ t] x [x - q(t)] 2 , (2.33.8) 

v qi h= v gu [qit) ’ t]+v q u [q(t) ’ t] x [x ■ + 

+ \ rjqd), t] x [X - q(t)] 2 , (2.3.3.9a) 


Differenting the eq. 
(2.33.6), we have: 


_ h 2 h 2 

qu 4 m ci 2 (t) 8 m a 4 (t) 


[x 


(2.33.7) in the variable x, multiplying the 


-<7(t)] 2 . (2.3.3.9b) 

result by him and using the eqs. (2.1.2.1c,d) and 
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Ii QS (,x Ji 

- -iT = - { mm t] + 5"[q(t), t] x [x - q(t)] } = v qum (x, t) = 


[ !( 0 + 2^] x [*~^(')]+'?(0 


»; a(t) h a(t) 1 

S'[q(t), t ] = -f 2 , S"[q(t), t] = m [ <t) + 2^1 ' ( 2 - 3 - 3 - 10a > b ) 


Substituting the eqs. (2.3.3.10a,b) into eq. (2.3.3.7), results: 

m q(t) m a(f) 1 ? 

S(x,t) = S 0 (t)+ -% J -x[x-q(t)]+ yj-[ 2 ^]x[x-q(t)r, (2.3.3.11a) 


where [see eq. (2.1.4.11b)]: 


S (t) = S[q(t),t] . (2.3.3.11b) 


Differenting the eq. (2.3.3.11a) in relation to the time t and using the eq. (2.1.3.2), results (remember that dxldt = 0): 
8 S(x, t ) m d m d a(t) 1 2 

sT =* « + h a? i E*-*0]} + 2h &{[ ^ + ^] x [*- m } = 


m . 7 

: S o (0 + ]“ { q(t) [x ~ q(t)] ~ q(t) } + 


2 

m a(t) a (t) 2 m o(t) a(t) 1 

+ ~[ “271] x [*-<?«]■- —b [ 2 ^] x {x-q(f)\ 


2 b a (0 a 2 (t) 


dS(x,t) , s m. 7 w r a(t) 1 , 

dT =S o (t) “P + h x f ^(0 + 2 ^]} x [- Y “ + 


m a(t) a 2 (t) 2 

+ 2h^-^ X (2-3.3.!2) 


Using the eqs. (2.1.2.1c-e) and (2.3.1.3), we obtain: 


55 h" 1 5 2 cp m h 55 2 , 

“ h ¥ =[ “ 2 ^ 9 ^ + 2 ( w & )] + ^.0 + ^0 - 

PC ^ 7 

h ¥ + 2V» + V ^ x ’ + 0 + XxX{t) = 0 • ( 2 - 3 - 3 - 13 ) 

Inserting the eqs. (2.3.3.6,8,9b) into eq. (2.3.3.13), ordering the result in potencies of [x , q(t)\, and considering that 
(x - q)° = 1, we have: [15.1] 

fc 2 

in 7 n n 

{ h 5 (0 - y q(t) + V[q(t), t] + l q(t) X(t) + - 7 } * [x - q(t)\ + 

0 z 4 m a~ 


+ {m"q(t) + V[q(t), t] + %X(t) } x [ x - q(t)] + 


m a (?) 1 a(t) 1 , 

+ (— r ~tt + —tt + —71 + 

1 2 L a(t) c a(t) 4 c 2 J 
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zHqW.t]-"-T- 

^ 8 m a (t) 


} x[ X -(q)t)] z = 0 


(2.3.3.14) 


As the above eq. (2.3.3.14)] is an identically null polynomium, the coefficients of the potencies must be all equal to 
zero, that is: 

1 i7i i 

S (0 = h t t q ~ mt) ’ r] “ X q{f)X{t) ~ ~a -277 } ’ ( 2 -3.3.i5) 

°n/. 4 m a (t) 

"q+ ^nq(t), t]+^X(t) = 0 , (2.3.3.16) 

2 

W) + ^T + { i Hq(t), t] + A} x = - 7 37" • (2-3.3.17) 

° m 4 c 4 m a (t) 

Assuming that the following initial conditions are obeyed [see eqs. (2.1.3.21 a-d): 

q( 0)=x , ’q(0) = v , a(0) = a , a(0) = Z> , (2.3.3.18a-d) 


and that [see eqs.(2.1.2.1c,d) and (2.3.3.11b)]: 


m v x 

s a ( :°)=—f- 2 , (2.2.3.19) 


the integration of the expression (2.3.3.15) will be given by: 

1 /» t 171 l 

s 0 (t) = h Jo dt 'i 2 ™ “ w), 1 9(0-m ■ 


2 } + 
4 m a{f) 


m v x 

+ ° ° . (2.3.3.20) 


Taking into account the eq. (2.3.3.20) in the eq. (2.3.3.11a) and considereing the eq. (2.3.3.11b), results: 

1 m h 2 m v x 

S(x, t) = r f * 0 dt { jq\f) ~ V\q<f), ~ X ?(0 "- T~~ } + ~jT" 2 + 

n j / 4 /«a (f) n 


m'q(t) m a(t) 1 9 

+ - ^ x[JC-?(0]+ 2 ht ^)+ ^lx[.r-q(t)] 2 . (2.3.3.21) 


The eq. (2.3.3.21) permit us, finally, to obtain the wave packet for the DHN~E. Indeed, considering the eqs. 
(2.1.1.1), (2.1.3.1b) and (2.3.3.21), we get: [15.1] 

v k(x, t) = [2 7 i a 2 (t)} 1/4 x exp ( { ^ } x [x - 9 (t)] 2 ) x 

, imq(t) _ imV o X o. 

x exp { —r— x [ x - 9 (r)] + -r-} x 


ex/> [ r f [dt { y m ■q\t ) ~ V[q{t'), f] ~ X q(f) X(t) - - - } ]. (2.3.3.22) 

n J 0 2. 4 m a (f) 
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2.3.4. Calculation of the Feynman Propagator of the Linearized Diosi-Halliwell-Nassar Equation along a 
Classical Trajetory 

For to calculated the Feynman-de Broglie-Bohm propagator of the linearized DHN~E along a classical 
trajectory, will be following the same operational protocol of the itens (2.1.4; 2.2.4). Thus, by using the eqs. (2.1.4.1- 
3,5,9), we can write that: [15.1] 

T(x, t)= f + 2 K ( x > V’ 0) T(j< V 0) dx o ’ (23A ^ 

®(v’ o , x, t) = (2 7i a~) 1/4 T(v , x, t ), (2.3.4.2) 


S -« dV 0 ° (Vy 0 ®( v 0 ’ 0 = ( ~~)^ x ~ x ') , (2.3.4.3) 

2—1 l A * 

q(v q , x, t) = (2 7 i a G ) 4 <f> (v ,x, t) T(v , x, t), ( 2 .3.4.4) 

^(x, t)= f + “ { ( ) j + -Z dv 0 ®(v Q ,x, f) ®*(v Q , 0) 'P(x Q , 0) v F(x o , 0) } x 

x T(x , 0) dx . (2.3.4.5) 

0 0 

Comparing the eqs. (2.3.4.1,5), we have: 

Jfl /* + oo * 

K(x, X Q , t) = ( YYh ) J - oo °( v y 0 0 ( v y * 0 > °) • ( 2 .3.4.6) 

Substituting the eq. (2.3.4.2) in the eq. (2.3.4. 6 ), we obtain the Feynman Propagator of the linearized Diosi- 
Flalliwell-Nassar Equation ( DHN~E ) along a classical trajetory, that we were looking for, that is [remembering that 
i m v x 

® (v 0 , x q , 0 ) = exp (- 


JTl + oo -a / 0 

*<x,x o ; 0 = ( 2^h) J ^ 


; m _ ai 


ex P^ 2 Ft 2^ ] “ ^ }X[ ^^ )] ' }X 


, i m 'q(t) r 

x exp { —jr— x [ x - £/(pj] } x 


• jZ 

X exp [ £ /' dt { f- 9 2 (0 - F[?(0, <•] - a. ?(0 Vf) - - 5 —} ], (2.3.4.7) 

n ^ z 4 m a (?) 

where q(t) and a(t) are solutions of the differential equations given by the eqs.(2.3.3.16,17). 

2.4. The Kostin Equation 

In 1972, M. D. Kostin [16] proposed a non-linear Schrodinger equation, to represent time dependent 
physical systems, defined by: 

d¥(x, t) h" d 2 T(x, t) 
dt - 2 m & 2 + 
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h v f) 

+ [ V(x, 0+2 7 E « ] x 0 , (2.4.1) 

z ' ¥ (x, t) 


where +(x, t) and V(x, t) are, respectively, the wavefunction and the time dependent potential of the physical system 
in study, and v is a constant. 


2.4.1. The Wave Function of the Kostin Equation 

Putting the eqs. (2.1.1.1) and (2.1.1.2a,b) into the eq. (2.4.1), we have: [4,15.5] 


3cp 

/h( ¥ +/ 9 


-) = - 

dt ' 


2 m 


d 2 (p 
dx 2 


+ 2 / 


dS o<p 
dx dx 


d 2 S 

+ '<P TT _( P( 

dx 


fx )2] + 


+ [ V(x, t) + h v S(x, t) ] x cp(x, t ), (2.4.1.1) 


Separating the real and imaginary parts of the relation (2.4.1.1), results: 
a) imaginary part 


dtp h dS di p d 2 S 

dt 2 m E dx dx + ^ q x - ' ’ 


(2.4.1.2) 


b) real part 


dS IT J_ d 2 (.p 
dt 2 in'- (p q x 2 


+ V(x ’ + X v S ' 


(2.4.1.3) 


2.4.2. Dynamics of the Kostin Equation 

Now, let us see the correlation between the expressions (2.4.1.2-3) and the traditional equations of the 
Ideal Fluid Dynamics: [8] a) Continuity’ Equation , b) Eider’s equation (for conservative systems) or b’) Navier- 
Stokes equation (for non-conservative systems). Thus, putting the eqs. (2.1.2.1a-e) into the eq. (2.4.1.2), and using 
the same operational protocol of the item (2.3.2), we obtain: [4,15.5] 


3q 

dt 


+ 


3(qv ) 
qu 

dx 


= 0 , 


(2.4.2.1) 


expression that indicates coherence of the considered physical system represented by the Kostin Equation ( K—E) [eq. 
(2.4.1)]; then the Continuity Equation it is preserved. 

Now, let us obtained another dynamic equation of the K—E. So, differentiating the eq. (2.4.1.3) with 
respect x and using the eqs. (2.1.2.1a-e), we obtain: 

dv dv , p. 

-^r+v -f + vr =--^(V+V). (2.4.2.2) 

dt qu dx qu rn dx v qu’ v ’ 

We observe that the eq. (2.4.2.2) had the aspect of the Eider Equation [8] for a real fluid in movement. 

Considering the substantive differentiation (local plus convective) or hydrodynamic differentiation, given 
by the eqs. (2.1.2.5a,b) and inserting into eq. (2.4.2.2), results: 

m ^ +v ft = -h [V{x ’ t)+ V x ’ ° 1 (2A23) 


what has a form of the Dissipative Second Newton Law, being the terms of the second member, respectively, the 
classical newtonian force and the quantum bohmnian force. 
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2.4.3 The Quantum Wave Packet of the Linearized Kostin Equation along a Classical Trajetory 

In order to find the quantum wave packet of the linearized Kostin Equation ( K—E) along a classical 
trajetory, we calculate the v . So, using the same operational protocol of the item (2.3.3), we have: [4,15.5] 

v (x ’ t ^^dF = ^ x ~ *«] + '^- ( 2 - 4 - 3 - 1 ) 

We observe that the integration of the eq. (2.4.3.1) give us the bohmnian quantum trajectory of the physical system 
represented by K—E. 

To obtain the quantum wave packet [ v P(.r , t)] of the K—E given by eq. (2.4.1), let us expand the functions 
S(x, t), V(xt), and V (x, t) around of q(t) = <x> up to second Taylor order. [9] In this way, using the eq. (2.1.3.14) 

we have: 


Six, t ) = S[q(t), t\ + S\q(t), t ] x [ X - q(f)] + y S"[q(t) t] x [x - q(t)] 2 , (2.4.3.2) 


V(x, t) = V\q(t), t ] + V'lq(t), f] x [ x - q(t )] + 

+ |r[q(t),t]x[ X -q(t)] 2 , (2.4.3.3) 


V (pc, t)=V [q(t), t]+ V [q(t), 1 ] x [ x - q(t)] + 
qu qu qu J 


+ \ V" [q(t), t] x [ X - q(t)] 2 , (2.4.3.4a) 


qu 

. 2 


V (x, t) = -J 


qu 4m a ( t) 8 m a (t) 


h 2 

477 x[x-q(t)f. (2.4.3.4b) 


Differenting the eq. (2.4.3.2) in the variable x, multiplying the result by him and using the eqs. (2.1.2.1c,d) and 
(2.4.3.1), we have: 

ti 8S(x t') Ji 

- qT= - { S[q(t), t] + 5"[q(t), t] X [x - q(t)] } = V qu (x, t) = 


= [ ] x [x-q(t)]+q(t] -> 

S[q(t), t] = S"[q(t), t] = ||[ • (2.4.3.5a,b) 

Substituting the eqs. (2.4.3.5a,b) into eq. (2.4.3.2), results: 

rn'a(t) m a (t) 9 

SUx, t) = S Q (t) + x [ X - q(tj\ + 2 j- [ 7 ^ ] x [x ~ q(t)]~ , (2.4.3.6a) 

where [see eq. (2.3.3.11b)]: 

S(t) = S[q(t),t], (2.4.3.6b) 

Differenting the eq. (2.4.3.6a) in relation to the time t and using the eq. (2.1.3.2), results (remember that dxldt = 0): 
[15.5] 
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+ i 2 - < 2A3 - 7 > 


Using the eqs. (2.1.2.1c-e) and (2.4.1.3), we obtain: 


dS h 2 1 d 2 tp m h oS i 
“ h ¥*^ 2 ^^ + 2 < m &)] + ^,0 + hv 5 


h |f + f + F(x, 0 + VJx, t) + hvS=0. (2.4.3.8) 


qu 


Inserting the eqs. (2.4.3.1,3,4b) into eq. (2.4.3.8), ordering the result in potencies of [x , q(t)\, and considering that 
(x - q)° = 1, we have: [15.5] 

t-2 

TYl i ft n 

{h S (0 - y q(t) + V[q(t), t\+ h v 5 (t) + --yy } x [x - q(t)\ + 

0 z u 4 w a (0 

+ { m"q(t) + U[g(t), t] + mv'q(t) } x [x - q(t)] + 


m ai 


+ < f [ 3S 1+ ” v f) + i r[t|(,) - 11 - 1 x [x ‘ (q|l)l2 * 0 ■ <2A3 -‘ ,) 


As the above relation [eq. (2.4.3.9)] is an identically null polynomium, the coefficients of the potencies must be all 
equal to zero, that is: 

1 TYl l 

S (0 = h * T? W “ W), f]-hv Sit) - - -y;} , (2.4.3.10) 

o n z 0 4m a (t) 


■q(t)+vq(t)+ -V[q(t),t] = 0, (2.4.3.11) 


1 

m + v a(0 + - F'[q(t), t] x a(t) = 2 3 . (2.4.3.12) 

4 m a (t) 

Assuming that the following initial conditions are obeyed [see eqs. (2.1.3.21a-d): 

q(0)*=x , 'q( P) = v , a(0)=a o , a(0) = b , (2.4.3.13a-d) 

and that [see eqs. (2.1.2.1c-d) and (2.4.3.6b)]: 

m v x 

5 o (0)=— iP’ (2.4.3.14) 


the integration of the expression (2.4.3.10) will be given by: 


1 /» / Jfl 9 

Si) = ]- f 0 df { y q\f) ~ V{q{f), f] ~ h v S Q (f) - 


2 } + 
4 m a~(t') 
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2.4.4. Calculation of the Feynman Propagator of the Linearized Kostin Equation along a Classical Trajetory 

For to calculated the Feynman-de Broglie-Bohm propagator of the linearized K~E along a classical 
trajectory, will be following the same operational protocol of the item (2.3.4). Thus, by using the eqs. (2.1.4.1-3,5,9), 
we can write that: [15.5] 

'F(x, t)= f ! “ K(x, x ;t, 0) W(x , 0) dx , (2.4.4.1) 

<f>(v o , x, t) = (2 ji a’) 1/4 *F(v , x, t) , (2.4.4.2) 

f-Z dv 0 x\ t) <t>(v o , x', t) = ( ) 8(x - x’), (2.4.4.3) 

q(v o , x, t) = (2n a~) 1/4 <f> (v , x, t) *F(v o , x, t ), (2.4.4.4) 

T ^x, 0 = /-«{( Y^) /!>v o O(v o ,x,/)®*(v o ,x o ,0)} x 
X *P(x , 0) dx . (2.4.4.5) 

O 7 O 

Comparing the eqs. (2.4.4.1,5), we have: 

TYl /* 4- oo * 

K(x, x o , t) = ( j-) J - oo ^ v 0 (l3 (v o , x, t) <t> (v o , x o , 0) . (2.4.4.6) 
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Substituting the eqs.(2.4.3.17) and (2.4.4.2) in the eq. (2.4.4.6), we obtain the Feynman Propagator of the linearized 
Kostin Equation along a classical trajetory, that we were looking for, that is [remembering that 
i m v x 

f <y 0 , 0) = exp (- jf- 2 )]: 


K {x,x o ,t) = ( jfft) f-Z<tv o 


i m ai 


1 .2x 


ex P^ 2hl fl (0 ] “ 


Jm'q(t) r 

x exp { h x [ x - q(tj] } x 


exptifo d( { f q\t) - mf), n - 1 V SJf) - n 2 } ], (2.4.4.7) 


4 m a (f) 


where q(t) and a(t) are solutions of the differential equations given by the eqs.(2.4.3.11,12). 

Finally, it is important to note that putting X = 0 and V[q(t'), f] = 0 into eqs. (2.4.3.11,12) and (2.4.4.7), we 
obtain the free Feynman propagator. [2] 

2.5. The Schuch-Chung-Hartmann Equation 

In 1983-1985, D. Schuch, K. M. Chung and Flermann Flartmann [17] proposed a non-linear Schrodinger 
equation, to represent time dependent physical systems, defined by: 

d'Vjx, t ) h" d 2 T(x, t ) 

dt ~ 2 m & 2 + 


h v 

+ { V(x, t) + — [ lri¥(x, t) ~ <£n v F(.r, t)>] } x 'Y( x , t), (2.5.1) 


where > F(x, t) and V(x, t) are, respectively, the wavefunction and the time dependent potential of the physical system 
in study, and v is a constant. 

2.5.1. The Wave Function of the Schuch-Chung-Hartmann Equation 

Putting the eqs. (2.1.1.1) and (2.1.1.2a,b) into the eq. (2.5.1), we have: [4,15.6] 

. 5m dS h 2 5 2 (p dS 5m d 2 S dS i 
'■*( 5t +/< P¥ ) = “^[ & 2+2/^ ar + /9^2-9(^) ] + 


dx 


+ { V(x, t) ~ i h v [ £«<p - <£«cp> + i(S ~<S>) ] } x <p(x, t ), (2.5.1.1) 

Separating the real and imaginary parts of the relation (2.5.1.1), results: 
a) imaginary part 

5? = - 2^ (2 f & +( P ||)-v(emp-<£mp>), (2.5.1.2) 


b) real part 
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a s___ i dji 

dt 2 in'- (p q x 2 


^) 2 ]+V(x,t) + hv(S~<S>) 


(2.5.1.3) 


2.5.2. Dynamics of the Schuch-Chung-Hartmann Equation 

Now, let us see the correlation between the expressions (2.5.1.2-3) and the traditional equations of the 
Ideal Fluid Dynamics: [8] a) Continuity’ Equation, b) Euler’s equation (for conservative systems) or b’) Navier- 
Stokes equation (for non-conservative systems). Thus, putting the eqs. (2.1.2.1a-f) into the eq. (2.5.1.2), and using 
the same operational protocol of the item (2.4.2), we obtain: [4,15.6] 

do 5(QV J 

+ dx = - V Q (£«e - <£«e>), (2.5.2.1) 

expression that indicates decoherence of the considered physical system represented by the Schuch-Chung-Hartmann 
Equation ( SCEl-E) [eq. (2.5.1)]; then the Continuity Equation it is not preserved. 

Now, let us obtained another dynamic equation of the SCH-E. Considering the eqs. (2.1.2.1a-e) and 
(2.5.1.3), we obtain: [15.6] 

dS 1 2 

h [ 5?" + v (S' <S>) + 2 m v qu + V+ V gu = 0 . (2.5.2.2) 


Considering that: 


/ + GO 

- oo Q(*, t ) dx = g(t ), (2.5.2.3) 


then: 


<S(x, 0> = J" f - 2 Q(- x > 0 S(x, t) dx = 


= 0 . 


(2.5.2.4) 


Now, differentiating the eq. (2.5.1.3) with respect x, and using the eqs. (2.1.2.1c-f) and (2.5.2.4), we have: [15.6] 


dv dv 

cm qu 

—f—+v ~r~ + v v 

dt qu dx qu 


— (V+V ) 
m qu 


( 2 . 5 . 2 . 5 ) 


We observe that the eq. (2.5.2.5) has the aspect of the Navier-Stokes Equation [8] for a real fluid in movement. 

Considering the substantive differentiation (local plus convective) or hydrodynamic differentiation, given 
by the eqs. (2.1.2.5a,b) and inserting into eq. (2.5.2.5), results: 


d 2 x dx 

dt 2 V dt 




( 2 . 5 . 2 . 6 ) 


what has a form of the Dissipative Second Newton Law, being the terms of the second member, respectively, the 
classical newtonian force and the quantum bohmnian force. 

2.5.3 The Quantum Wave Packet of the Linearized Schuch-Chung-Hartmann Equation along a 
Classical Trajetory 

In order to find the quantum wave packet of the linearized Schuch-Chung-Hartmann Equation (SCH-E) 
along a classical trajetory, we must calculate one modified quantum velocity i v qum ) that satisfating the Continuity 

Equation. So, taking the eq. (2.1.3.1a), can be proven that: [4,15.6] 

E«q - <inQ> = ~ af- (2-5.3.1) 
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Putting the eq. (2.5.3.1) into eq. (2.5.2.1), results: 


3(qv 


C/lt 


dt dx 

3q_ 8_ 


a 2 d 2 q _ v cC d dQ 
V ^ 2q & ^ 2 dx ^ dx ' 


<2 - 5 - 3 - 2) 


Defining: [18] 


v a do 

- 37 ^ ( 2 . 53 . 3 ) 


V =V O a , 

qum qu Z Q OX 


then the eq. (2.5.3.2) will be the form: 


5(qv 


dt + dx 


gum 


0, (2.5.3.4) 


expression that indicates coherence of the SCH-E. 

So, using the same operational protocol of the item 2.4.3, results: [4,15.6] 

dx(t) a(t) 

t)= dT=7dt) [x - + ' q{t) - (2 - 53 - 5) 


Considering the eqs. (2.3.3.3) and (2.5.3.3,5), we have: 


dx(t) a (t) v 

V*> () = ^r =[ ^)~ 2 ]x[x ~^ (r)] + ' qit) - (Z5J - 6) 


We observe that the integration of the eq. (2.5.3.6) give us the bohmnian quantum trajectory of the physical system 
represented by SCH-E. 

To obtain the quantum wave packet [ v P(.r , t)] of the SCH-E given by eq. (2.5.1), let us expand the 
functions S(x, t), V(xt), and K (x, t) around of q(t) = <x> up to second Taylor order. [9] In this way, using the eq. 

(2.1.3.14) we have: 

S(x, t) = S[q(t), t] + S[q(t), t\ x [x ~ q(t)] + ^S"[q(t) t] x [x - q(t)] 2 , (2.5.3.7) 


Differenting the eq. 
(2.5.3.6), results: 


V(x, t) = V\q(t), t] + V\q(t), f] x [x - q{tj\ + 
+ |r[q(t),t]x[ X -q( t )] 2 , (2.5.3.B) 


V (x, t)= V [q(t), t] + V [q(t), f] x [ x - q(t)] + 
qu qu qu J 


+ \ V" [q(t), t] x [ X - q(t)] 2 , (2.5.3.9a) 


q u 

.2 


V (x,t)= -—- 

qlt 4 m a 2 {t) 8 m a (t) 


h 2 

4 ~ x [x - q(tjf . (2.5.3.9b) 


(2.5.3.7) in the variable x, multiplying the result by him and using the eqs. (2.1.2.lc,d) and 
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j-| QSt(X t} Ji 

- ar^= m { ^q(t\ t] + S"[q(t), t] x [x - q(t)] } = V qu (x, t) 


\ \ ] x [x - qU)] +'q(t ) 


S[qit),t]= r ^ 1 , 5"[q(t),t] = f[ ^] • (2.5.3.10a,b) 


m a(t) v 

17 [ 7 ( 7 )' 2 


Substituting the eqs. (2.5.3.10a,b) into eq. (2.5.3.7), we have: 

m ai 


ma(t) m am v ? 

SKpc, t) = S 0 (t) + x [x - q(t) \ + '- 2 1 x t- T “ <?«] , (2.5.3.11a) 


where [see eq. (2.4.3.6b)]: 


S(t) = S[q(t), r] . (2.5.3.11b) 


Now, considering that: [19] 


f-Z z>l exp(-z 2 ) dz= \ A/it; 0; \fn,(n = 2; 1; 0) 


(2.5.3.12a-c) 


and using the eqs. (2.1.3.1a), (2.5.2.3) and (2.5.3.11a), results: [15.6] 

< 2 - 5 - 3J3 > 

Differenting the eq. (2.5.3.11a) in relation to the time t and using the eq. (2.1.3.2), results (remember that dx/dt = 0): 
[15.6] 


f (w-wt 5S- in «!*-*«]♦ 


afl V. 


m a (t) a 2 (t) 2 

+ 2h[^-^] X ["-^ • ( 2 - 5 - 3 - 14 ^ 


Using the eqs. (2.1.2.1c-e) and (2.5.1.3), we obtain: 

05 h 2 i a 2 . 

0t L 2 m (p 


05 h 2 1 0 2 cp m h 05 2 , r , 

~ h fl7=[“ ™ 7 .2 + y( m &) Z ] + ^,0 + hv(5-<S>) 


05 W 2 


h -u + - 


0t 


2 V + ') + V’ 0 + fcv(5-<S>) = 0. (2.5.3.15) 


Inserting the eqs. (2.5.3.6,8,10a,b) into eq. (2.5.3.15), ordering the result in potencies of [x , £/(/)], and considering 
that (x - q)° = 1, we have: [15.6] 

.2 

r 

. i 4_ 4_ - 

2 L a(t) 2 


»; 2 m v a(t) v h“ n 

{h5 o (0 - y q\t) - — [ j ] + '1 + 7.2^ > x [* - 9(0]° + 


4 w a“(t) 

+ { m"q(t ) + w vg(f) + V[q(t), t]} x [x - g(t)] + 
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2 2 

m a (t) m v 1 h 9 

+ - 577 } x [x - (q)t)]‘ = 0 . (2.5.3.16) 

^ u[l > ° ^ 8 m a (t) 


As the above relation [eq. (2.5.3.16)] is an identically null polynomium, the coefficients of the potencies must be all 
equal to zero, that is: 


1 m 9 m v a(?) v h“ 

s o w - 5 { j r(t) - mt\ n + — [ 2 ] - 2^ } ’ (2 - 53 - 17) 


■q(t)+vq(t)+ ~V[q(t), f] = 0, (2.5.3.18) 

1 v 2 h 2 

a(0+va« + -{ P[q(t),t]- T) xa(t)= 2 3 . (2.5.3.19) 

4 m a (t) 

Assuming that the following initial conditions are obeyed [see eqs. (2.1.3.21 a-d): 

q(0)=x , 'q(0) = v , a(0) = a , a(0 ) = b , (2.5.3.20a-d) 

and that [see eqs. (2.1.2.lc-d) and (2.5.3.11b)]: 

m v x 

S a ( ;0)=—f- 2 , (2.5.3.21) 

the integration of the expression (2.5.3.17) will be given by: 


1 r t „ , m. 9 , . m v h(f ) v 
S 0 @ = h / o dt ^ 2 ^ ^ + 2 [ a(f) ~ 2 ] 


-V\q(t\ f}-~ -7—} + 

4 m a (f) 


mvx 

+ (2.5.3.22) 


Taking into account the eq. (2.5.3.22) in the eq. (2.5.3.11a) and considering the eq. (2.5.3.11b), results: 


sv -» - F / > < f »V> + - W). '■] - 7-77 > + 


4 m a~(t') 


m 'q(t) 


m _ air) v 


hX[ x -q( t )]+ —[ 2 ]x[ X -q(t)]. (2.5.3.23) 


The eq. (2.5.3.23) permit us, finally, to obtain the wave packet for the SCH-E. Indeed, considering the eqs. (2.1.1.1), 
(2.1.3.1b) and (2.5.3.23), we get: [15.6] 

T'tx, t)=[2n a 2 (t)} 1/4 x exp ( { ^ |] - } x [x - ^(O ] 2 ) x 

, im'# _ imV o X o . 

x exp { —r— x [x- q(t)] + -r-} x 


i rt m 9 m v a(f) v h" 

ex P (if 0 df{ 2 w 9(0 + — [ 4?) - 2 ] “ ^(0, n - 4;nfl 2 (0 } )• (2.5.3.24) 
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2.5.4. Calculation of the Feynman Propagator of the Linearized Schuch-Chung-Hartmann Equation along a 
Classical Trajetory 

For to calculated the Feynman-de Broglie-Bohm propagator of the linearized SCH-E along a classical 
trajectory, will be following the same operational protocol of the item (2.4.4). Thus, by using the eqs. (2.1.4.1-3,5,9), 
we can write that: [15.6] 

T(x, t)= f ! * K(x, x ;t, 0) W(x , 0) dx g , (2.5.4. 1) 

Olv^, x, t) = (2 7t a~) 1/4 v i'(v o , x, t ), (2.5.4.2) 


f - x dv o 0*(v o , x\ t) 0(v Q , x’, t) = ( ~~ ) 8(x -x'), (2.5.4.3) 

q(v o , x, f) = (2 7t a 0 ) 4 <f> (v , x, t) T(v , x, t), (2.5.4.4) 

T (x, t) = /!“{( jfh) / - * dv 0 0 (v o , x, f) 0*(v o , X q , 0) } x 
x ¥(x , 0) £?x o . (2.5.4.5) 

Comparing the eqs. (2.5.4.1,5), we have: 

*(X, 1) = ( ) J - oo dv Q 0(v o , x, t) <t> (v o , x o , 0) . (2.5.4.6) 

Substituting the eqs.(2.5.3.24) and (2.5.4.2) in the eq. (2.5.4.6), we obtain the Feynman Propagator of the linearized 
SCH-E along a classical trajetory, that we were looking for, that is [remembering that 
i m v x 

$ (v o , x q , 0) = exp (- ^ L_£ )] ; 


m f + oo ^ / 0 

K(x, X q ; t) = ( 2—J _^v o ^ 


i m a(t) v 1 2 


, i m 'q(t) r 

x exp { —jr— x [ x - q (t )] } x 


i /• t mi m v a(t') v h 

^ ( j- J 0 dt { j,q\t) + — [ ^- 2 “ H - ~ ~ } 1 - (2-5.4.7) 


4 m cC(t') 


where q(t) and a(t) are solutions of the differential equations given by the eqs.(2.5.3.18,19). 

Finally, it is important to note that putting v = 0 and V(q(f), f] = 0 into eqs. (2.5.3.18,19) and (2.5.4.7), we 
obtain the free Feynman propagator. [2] 

2.6. The Siissmann-Hasse-Albrecht-Kostin-Nassar Equation 

In 1973, D. Siissmann [20] and, in 1975, R. W. Hasse, [21] K. Albrecht, [22] and M. D. Kostin [23] 
proposed a non-linear Schrodinger equation, that was generalized by A. B. Nassar, in 1986, [18] to represent time 
dependent physical systems, given by: 
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( 2 . 6 . 1 ) 


<?F(a', t) h" 8 2 M'hv, t) 

dt ~ 2 m & 2 + 


+ { V(x, t) + v ( [x ~ q(t)] x [c> + (1 - c) <>>] 


i h c 

— ) }x *(*, 0 , 


where}? is the operator of linear momentum: 


>=■ 



( 2 . 6 . 2 ) 


and c is a constant, where: c = 1, for Siissmann; c = 1/2, for Hasse; and c = 0, for Albrecht and Kostin. Besides v F(.r, 
t) and V(x, t) are, respectively, the wavefunction and the time dependent potential of the physical system in study, 
q(t) = <x>, and v is a constant. 


2.6.1. The Wave Function of the Siissmann-Hasse-Albrecht-Kostin-Nassar Equation 

Putting the eqs. (2.1.1.1), (2.1.1.2a,b) and (2.6.2) into the eq. (2.6.1), we have: [4,15.7] 


3cp 

/h( ¥ +/cp 


-) = - 

dt ’ 


2 m 


d 2 (p 

dx 2 


+ 2 / 


8S 8c p 
dx dx 


d 2 S 

+ /( P TT“ 9 ( 

dx 


sf )2] + 


8S i 3© 

+ { V(x, t) + v( [x ~ q(t)\ x [ ch ( - ^) + 

+ (1 — c) <}?>] — ^ / he) } x <p(x, t) , (2.6.1.1) 


Separating the real and imaginary parts of the relation (2.6.1.1), results (remember that 

<~p> = m<~v > = m<v >= real): 
ququ 

a) imaginary part 


h 3<p 

tp dt 


_hi 

2 m 


2 8S 8c p 
(p dx dx ' q x 


d 2 S 

+ [x~q(t)] x c 


3q> v 
8x~ 2 hc ’ 


( 2 . 6 . 1 . 2 ) 


b) real trart 


8S h" j_ 3 2 (p 

dt 2 tp q x 2 


, 0<p ,2 
^ ^ dx ^ 


+ 


+ V [X - g( 0 ] X c h 


8S 

dx 


+ V(x, t)+v [x ~ q(t )] x (1 - c) //I <v ?t >. 


( 2 . 6 . 1 . 3 ) 


2.6.2. Dynamics of the Siissmann-Hasse-Albrecht-Kostin-Nassar Equation 

Now, let us see the correlation between the expressions (2.6.1.2-3) and the traditional equations of the 
Ideal Fluid Dynamics: [8] a) Continuity Equation, b) Euler’s equation (for conservative systems) or b’) Navier- 
Stokes equation (for non-conservative systems). Thus, putting the eqs. (2.1.2.1a-f) into the eq. (2.6.1.2), and using 
the same operational protocol of the item 2.5.2, we obtain: [4,15.7] 

ps 3(qv ) a 

^f L =-vc{Q + [.r- 9 (t)] ^}, (2.6.2.1) 
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expression that indicates decoherence of the considered physical system represented by the Sussmann-Hasse- 
Albrecht-Kostin-Nassar Equation ( SHAKN-E ) [eq. (2.6.1)]; then the Continuity Equation it is not preserved. To 
preserved them, let us use the definition: [18] 

v =v +vc\x~q{t)\, (2.6.2.2) 
qum qu 


the quantum velocity non-conservative. 

Multiplying the eq. (2.6.2.2) by q(x, t) [eq. (2.1.3.1a)], differenting the result in the variable x and 
remembering that 8q(t)/8x = 0, we have: [15.7] 

do 9 <e V J 5 (e v gl J 

-vcfQlr-#)]^}^-^. (2.6.23) 


Putting the eq. (2.6.2.3) into eq. (2.6.2.1), we obtain: 

r)rt 9 (Q V 


8t 


gum _ 


8x 


0, 


(2.6.2.4) 


expression that indicates coherence of the SHAKN-E. 

Now, let us obtained another dynamic equation of the SHAKN-E. Considering the eq. (2.5.2.3): 

/ + 00 

-00 Q(x,t)f(x,t)dx = g(t), (2.62.5) 


/ + oo 2 /— 

_ x exp(— z )dz= yjn, <x> = q(t ) and 'q(t) 

= d<x>/dt): 

/ + 00 

- oo 6(*, t) q(t) dx = g(t ), (2.62.6) 


8<v > p. 

qu _ C_ 

dx dx 


f-Z Q(n t) V (x, t) dx 


8g(t) 

-^= 0 , ( 2 . 6 . 2 . 7 ) 


<v > = <v >. (2.6.2.8) 

qum qu 


Now, differentiating the eq. (2.6.1.3) with respect x, and using the eqs. (2.1.2.lc-f) and (2.6.2.2,6-8), we have: [15.7] 


8v 


8v 


qum qum 

8t qum 8x 


1 8 


v [c (v -V ) + <v >]- —-5~(V+V ). (2.62.9) 

qu qum qum lfl OX qu 


We observe that the eq. (2.6.2.9) has the aspect of the Navier-Stokes Equation [8] for a real fluid in movement. 

Considering the substantive differentiation (local plus convective) or hydrodynamic differentiation , given 
by the eqs. (2.1.2.5a,b) and inserting into eq. (2.6.2.9), results: 


d 1 * r / 

—y + v [c (v - v ) + <v >] 
df- qu qum qum 


1 A 

m dx 


[ V(x, t) + VJx, t) 1, (2.6.2.10) 


what has a form of the Dissipative Second Newton Law, being the terms of the second member, respectively, the 
classical newtonian force and the quantum bohmnian force. 
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2.6.3 The Quantum Wave Packet of the Linearized Siissmann-Hasse-Albrecht-Kostin-Nassar 
Equation along a Classical Trajetory 

In order to find the quantum wave packet of the linearized Siissmann-Hasse-Albrecht-Kostin-Nassar 
Equation ( SHAKN-E) along a trajectory classic, we must integrated the eq. (2.6.2.4). So, using the same protocol of 
the item 2.5.3, we have: [15.7] 

V« (x ’ 0= 5 o [ x “ ?W]+ ' 9( °- (2 - 6 - 3 - i} 

Considering the eqs. (2.6.2.2) and (2.6.3.1), results: 

dx(t) a(0 

v (x ’ 0 = dT = [ rt/j- v c ] x [x “ q(t)] + ' qit) ■ (2 - 6 - 3 - 2) 

We observe that the integration of the eq. (2.6.3.2) given the bohmnian quantum trajectory’ of the physical system 
represented by SHAKN-E. 

To obtain the quantum wave packet [Tfc , 0] of the SHAKN-E given by eq. (2.6.1), let us expand the 
functions S(x, t), V(xt), and F^(x, t) around of q(t) = <x> up to second Taylor order. [9] In this way, using the eq. 

(2.1.3.14) we have: 

Six, t) = S[q{t), t]+S'[q(t), t] x [x - 9 (t)] + jS"[q(t) t] x [x - q(t)] 2 , (2.6.33) 


Differenting the eq. 
(2.6.3.2), results: 


V(x, t) = V[q(t), t\ + V[q(t), I] x [x - q{tj\ + 


+ ir[q(t),t]x[x-q(t)] 2 , (2.63.4) 


V (x, t) = V [cj(t), t]+V [q(t), 0 x [x - 9(0] + 

qu qu qu J w 


+ \ F' qu [q(t), t] x [ X - q(t)] 2 , (2.6.3.5a) 


V (x, 0= -3—~ 

qu 4 m a (0 8 m a^it) 


h 2 

^-xfx-gO)] 2 . (2.6.3.5b) 


(2.6.3.3) in the variable x, multiplying the result by h/m and using the eqs. (2.1.2.1c,d) and 


h_ 8S(x, Q 
m dx 


-iSlq(t), 0 + .S'"[q(t), t] x [ X - q(t)] } 


v (x, t) = 
qu v 


= [ alt) ~ v c 1 X + q ( f > 

m ’q(t) m a(t) 

S'[q(t), t] = -f 1 , S"[q(t), t] = f- [ - v c ] . (2.6.3.6a,b) 

Substituting the eqs. (2.6.3.6a,b) into eq. (2.6.3.3), we have: 

m 'a(t) m a(0 ? 

S(x, o = S 0 (t) + -j^ X [X - 9(0] +yy[^-vc]x[x- 9(0] , (2.6.3.7a) 

where [see eq. (2.1.3.11b)]: 
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S (t) = S[q(t), t]. (2.6.3.7b) 


Differenting the eq. (2.6.3.7a) in relation to the time t and using the eq. (2.1.3.2), results (remember that 8x1 dt = 0): 
[15.7] 


■ 2 , 


dS(xJ)__ _ mg-(t) m ... 


8t ~' S o (t) h ' h 1 ilv> L a(t) 


a (0 


+ r {¥0 -qit) [ -7T- v c ]} x [x - q(t )] + 


m a(f) a ~(t) 2 

+ 2 h ' (2 - 63 ' 8) 


Using the eqs. (2.1.2.1c-e) and (2. 6 .1.3), we obtain: 


-h 


8S h 2 f 1 8 2 cp , dS^_ 
dt 


dS 


2^ [ 9 & 2 -<P( teY]+V(x,i) + v[x-q{t)]*c h ^ + 


+ v[x-q(t)](l-c)m<v (ju > -> 
dS 1 2 

h ¥ + 2 mv qu +v ^t) + V qu (x,t) + 

+ V m [x - q(t)\ X [c + (1 - c) < >] =0 . (2.6.3.9) 

Inserting the eqs. (2.6.3.2,4,6a,b) into eq. (2.6.3.9), ordering the result in potencies of [x - q{t)], and considering that 
[x - q{t)]° = 1, we have: [15.7] 

fc 2 

jfl 9 n n 

{h 'S (t) - y q(t) + v m (1 - c) 'q(t) + V[q(t), t] + --} x[x- q(t)] + 

0 A Am a~(t ) 

+ {m "q{t) + m v c'q(t) + U[g(t), t]} x [x - g(f)] + 


2 2 

m am m v c 1 


+ {T 7777- ~~ 2 ~~ + 7 Hq(0, - 0 h 4/ J x [x - (q)t)] 2 - 0 . (2.6.3.10) 

^ “W ^ ^ 8 m a (t) 


As the above relation [eq. (2.6.3.10)] is an identically null polynomium, the coefficients of the potencies must be all 
equal to zero, that is: 

1 J7i i h 2 

' s n (t) = j" { TV (0 “ F[?(4 1 ] - v m (1 - c) '</(0 - “ 57“ } , ( 2 .6.3.1 1 ) 

o n z 4m a -^ 

'q(t) + v c'q(t) + y F(c/(4 1 ] = 0 , (2.6.3.12) 

1 t h 2 

a«+{ -r[q(t),t]-vc 2 } xa(t)= 2 3 (2.6.3.13) 

"* 4 m a (t) 

Assuming that the following initial conditions are obeyed [see eqs. (2.1.3.21a-d): 

g(0)=x , 1/(0) = v , a(0)=a , a(0) = b , (2.6.3.14a-d) 


and that [see eqs. (2.1.2.1c,d) and (2.6.3.7b)]: 
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mv x 

5 o (°)=^^, (2.6.3.15) 


the integration of the expression (2.6.3.11) will be given by: 

, - I C M' r — 


l p t mi 

s a V) = j“ J 0 df { y q\f) -vm(l~c) m q(t') - V\q(f), t'] 


2 } + 
4 m a (/') 


mv x 

+ —T (2.6.3.16) 


Taking into account the eq. (2.6.3.16) in the eq. (2.6.3.7a) and considering the eq. (2.6.3.7b), results: 

.2 


! W h z W v 

S(x, t) = j- f‘ 0 dt’{ jq 2 (f) - V m (1 - c) '(/(f) - F[(/(f'), f] - “ — } + T' ~ + 


f' 0 df ' - 1 - 2 " 
/» V/(Q 


4 w « 2 (f) 


m a i 


h x [x - qU)] + yj 7 [ a{t) - v c ] x [x -(/(/)]- . (2.6.3.17) 


The eq. (2.6.3.17) permit us, finally, to obtain the wave packet for the SHAKN-E. Indeed, considering the eqs. 
(2.1.1.1), (2.1.3.1b) and (2.6.3.17), we get: [15.7] 

v T(x, t) = [2 ji a\f)T 1/4 x exp ( { y| [ yy- v c ] - } x [x ~ q(t)f ) x 

, imq(t) , imV o X o, 

x exp { ^ x [x - (/(!)] + r } x 


i r t m . 2 
exp ( £ J 0 dt { ymg (/’) - v m (1 - c) #(/) 


j^Z 

- F[</(f), 7j - -- 277 }). (2.6.3.18) 

4 m a ( f) 

2.6.4. Calculation of the Feynman Propagator of the Linearized Siissmann-Hasse-Albrecht-Kostin-Nassar 
Equation along a Classical Trajetory 

For to calculated the Feynman-de Broglie-Bohm propagator of the linearized SHAKN-E along a classical 
trajectory, will be following the same operational protocol of the item 2.5.4. Thus, by using the eqs. (2.1.4.1-3,5,9), 
we can write that: [15.7] 

T(x, i)= f ! “ K(x, x ;t, 0) W(x , 0) dx g , (2.6.4.1) 

®(v , x, t) = (2 ji a^) 1/4 *P(v , x, t), ( 2 . 6 .4. 2 ) 


/ - Z dv 0 ° ( v 0 > 0 ®(V x, 0 = ( ) 5(x - x'), ( 2 .6.4.3) 


Q(y, x, /) = (2 7 i 4) 1/4 ® ( v 0 - 0 ^(v ,0 > ( 2 . 6 .4.4) 
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n*, <)=/-“{( ) f + -Zdv o <D(v o , X, t) 0*(v o , Xj 0) } 


x V(x o , 0) dx Q . (2.6.4.5) 


Comparing the eqs. (2.6.4.1,5), we have: 

ffl. /* + 00 * 

K(x, x o , t) = ( ) J _ oo dv 0 <D(v o , x, t) <t> (v o , x 0 , 0) . (2.6.4.6) 


Substituting the eqs.(2.6.3.18) and (2.6.4.2) in the eq. (2.6.4.6), we obtain the Feynman Propagator of the linearized 
SHAKN-E along a classical trajetory, that we were looking for, that is [remembering that 


i m v x 

® (v 0 , x q , 0) = exp (- 


m c 

K{x,x-i) = { 2 —g-) J 


i m ai 
x exp ( { t -r [ 



Jm'q(t) r 

x exp { h X [x - 9 (r)] } X 


i /» t yyi 9 ft 

X exp ( r J 0 df { jq(t’) - v m(l - c) 'q(f) - V[q(f), f] ~ ~ T~~ } ] , (2.6.4.7) 

n J z 4 m a (f) 

where q(t) and a(t) are solutions of the differential equations given by the eqs.(2.6.3.12,13). 

Finally, it is important to note that putting v = 0 and V[q(t'), f] = 0 into eqs. (2.6.3.12,13) and (2.6.4.7), we 
obtain the free Feynman propagator. [2] 

2.7. The Schrodinger-Nassar Equation for and Extended Electron 
2.7.1. Introduction 

In 1892, [24] Flendrik Antoon Lorentz and, in 1905, [25] Max Abraham argued that when an electron (with 
velocity v and charge e), is accelerated, there are additional forces acting due to the electron’s own electromagnetic 
field. However, the so-called Lorentz-Abraham Equation for a point-charge electron: 

m dvidt = (2 e 2 )/(3 c 2 ) d 2 v/dt 2 + F (2.7.1.1) 

it was found to be unsatisfactory because, for F ^ = 0, it admits runaway solutions. These solutions clearly violate 
the law of inertia. 

Since the seminal works of Lorentz and Abraham, many papers and textbooks have given great 
consideration to the proper equation of motion of an electron. [26]-[34] The problematic runaway solutions were 
circumverted by Sommerfeld [28] and Page [29] adopting an electron extended model ( EEM ). In the nonrelativistic 
case of a sphere with uniform surface charge, such an electron obeys in good approximation the difference- 
differential equantion: [30]-[32] 

m dv/dt = (e 2 )/(3 L 2 c ) [v(t - 2 Lie) —v(/)] + F ex( (2.7.1.2) 
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This EEM model is finite and causal if the diameter L of the electron is larger than the classical electron radius 
2 2 - 

= e l(m c ). We will analyze here only the case of the sphere with uniform surface charge; the case of a volume 
charge is considerably more complicated and adds nothing to the understanding of the problem. 

The dynamics of charges is a key example of the importance of obeying the validity limits of a physical 
theory. If classical equations can no longer be trusted at distances of the order (or below) the Compton wavelength, 
what is the Schrodinger equation that can replace equation (2.7.1.2)? Within QED, workers have not been able to 
derive an equation of motion and it is unclear whether QED can actually produce an equation of motion at all. 

By using the Quantum Mechanical of the de Broglie-Bohm, [4] Nassar [35] propose an answer to this 
problem in the nonrelativistic regime. So, the Schrodinger-Nassar Equation for an Extended Electron ( SN-EEE ), is 
given by: 

. fTlx, t ) h" d 2 M'fv, t ) 

dt ~ 2 m & 2 + 


where: 


+ (/' h a in 


Y(», (- 2 Lie) y* (x, fl ]) „ T( ^ Q 
t|/ (x,t~ 2 Lie) t|/ (x, t) 


(2.7.1.3a) 


2 

e 


s ,2 ’ 

6 m L c 


(2.7.1.3b) 


is a constant, beeing t) and T^x, t - 2 Lie ) wave functions. 


2.7.2. Quantum Wave Function of the Schrodinger-Nassar Equation for and Extended Electron 

Now, let us to obtain the quantum wave packet for the Schrodinger-Nassar Equation for an Extended 
Electron (SN-EEE). Initially, let us to write the wavefunction \\p(x, t) and \p(x, t - 2 Lie) in the polar form, defined by 
the Madelung-Bohm transformation [see eq. (2.1.1.1)], we get: 

v F(x, t) = (p(x, t) exp [/ S(x, t)], (2.7.2.1a) 

^(x, t ~ 2 Lie) = <p(x, t) exp [/ S(x, t - 2 Lie )] , (2.7.2.1b) 


where S(x ,t) is the classical action and <p(x, t) will be defined in what follows. 

Calculating the derivatives, temporal and spatial, of (2.7.2.1a), we get: [15.4] 


Sip dS 

¥ +,( P ¥ ) = “ 


J2l 

2 m 


5 2 m 8S dm 


d 2 S 


dx 


dx 


,dS 2 

2 9 ( & ) ] 


- ( 2 h a [ S(x, t ~ 2 Lie) - S(x, t) ]) x <p (x, t) . (2.1. 2.2) 


Taking the real and imaginary parts of (2.7.2.2), we obtain: 


a) imaginary part 


b) real part 


d(p(-T, t) h dS(x, t) dg(x, t) d 2 S(x,t) 

dt 2 m [Z dx dx <pU ’ & 2 


(2.7.2.3) 


dS(x, t) = _ JC_ J_ a 2 (p(.r, t) _ dS(x, t) 2 , 

dt 2 m 9 q x - dx ^ ’ 


42 



+ { ^[S{x,t)-S{x,t-2L/c)]} . 


(2.7.2.4) 


2.7.3. Dynamics of the Schrodinger-Nassar Equation for an Extended Electron 

Now, let us see the correlation between (2.7.2.3-4) and the traditional equations of the Fluid Dynamics [8]: 
a) Continuity’ Equation, b) Euler Equation (for conservative systems) or b’) Navier-Stokes Equation (for non¬ 
conservative systems). To do this let us perform the following correspondences [see eqs. (2.1,2.a-f)]: 

Quantum density probability : | ^(v, t) | 2 = 'E (pc, t) v F(x, t) <—> 


2 

Quantum mass density : q(x, t) = <p~(v, t) » 


Gradient of the wave function: — 

- m 


Quantum velocity: v (x, t) = v , 

- qu qu 


s[q = <P, (2.7.3.la,b) 

qSQc, t) 
dx ^ 

(2.7.3.2a,b) 


Gradient of the wave function extended: 


h_ dS(x, t ~ 2 Lie) 
m dx 


Quantum velocity extended: v (x, t ~2 L/c) = v 

qu que 


(2.7.3.3a,b) 


Bohm quantum potential : 


V 

qu 


(x, f) ^ V 


qu 


h 2 a 2 (p h" 1 dt \[q 

2 m <p' dx 2 ~ 2 m ^ dx 2 ’ 


(2.7.3.4a,b) 


Using the same operational protocol of the item (2.1.2), results: [4] 


Sq 

dt 


+ 


5(e v ) 

qu 

dx 


= 0, 


(2.7.3.5) 


expression that indicates coherence of the considered physical system represented by the SN-EEE [see eq. 
(2.7.1.3a)]; then the Continuity Equation it is preserved. 

Now, let us obtained another dynamic equation of the SN-EEE. So, differentiating the eq. (2.7.2.4) with 
respect v and using the eqs. (2.1.2.lc-f), we obtain: [15.4] 

dS(x, 0,1 2 

h ~dT + 2 m V + + V qu = °» (2.7.3.6a) 

where: 

V e = 2 h a [ S(x, f) - S(x, t - 2Lie) ], (2.7.3.6b) 


is the potential of the extended electron. 


Differentiating the eq. (2.7.3.6a) with respect x and using the eqs. (2.1.2.1e,f) and the eq. (2.7.3.6b), we 
have: [15.4] 


dv dv 

-f+v 
dt qu dx 


2 a 

— [ v (t~ 2 L/c) 

III L qid ’ 


V (t)] 

qu 


1 d 

-TV . 

Ill dx qu 


(2.7.3.7) 


43 



We observe that the eq. (2.7.3.7) has the aspect of the Navier-Stokes Equation [8] for a fluid in movement. 


Now, considering the "substantive differentiation" (local plus convective) or "hidrodynamical 
differention", given by the eqs. (2.1.2.5a,b) and inserting in the eq. (2.7.3.7), results: 

cExi t) ^ v 0 0 

" ~ir -O [>•'- 2 L 'c) - V «)] + F „. (2.7.3.8a) 


that has the same form of the Dissipative Second Newton Law, where: 


F 

qu 



(2.7.3.8b) 


is the quantum bohmnian force. We note that (2.7.3.8a) is the quantum form of the Sommerfeld-Page’s Equation [see 
eq. (2.7.1.2)] in the absence of external forces (F = 0). 

2.7.4. Calculation of the Quantum Wave Packet of the Schrodinger-Nassar Equation for an 
Extended Electron along a Classical Trajectory 

In order to find the quantum wave packet of the Schrodinger-Nassar Equation for an Extended Electron 
(SN-EEE) along a classical trajectory, we must calculate the v . So, using the same operational protocol of the item 

(2.1.3), we have: [4,15.4] 

V^ = oW~ +q(2 - 7A1 ) 

We observe that te integration of the eq. (2.7.4.1) given the bohmnian quantum trajectory of the SN-EEE. 

To obtain the quantum wave packet [Tfr, t)] of the SN-EEE given by (2.7.1.3a,b), let us expand the 
functions S(x, t), S(x, t - 2 L/c) and E^(x, t) around of q(t) up to second Taylor order. In this way, using the eq. 

(2.1.3.14) we have: 

1 2 

S(x, t) = S[q(t), t] + S'[q(t), t] x [x ~ g(t)] + ^ S"[q(t), t\ x [x ~ q(tj\ , (2.7.4.2a) 

S(x, t ~ 2 L/c) = 5[^(t), t ~ 2 Z/c] + 5'[g(t), t ~ 2 L/c] x [x - g(t)] + 

+ \S"[q(t), t ~ 2 L/c] x [x ~ q(t)f , (2.7.4.2b) 


V 

qu 


(x, t) 


VJqUf^ + V^lqf), t] x[x-q(t)] + 


V "[ 9 (f),f] 

qu 1 


■ x [X - q{tj] 


(2.7.4.3a) 


V 

qu 


ix, t ) 


h 2 

4 m a^(t) 


h 2 

8 m a 4 (t) 


[x ~ ?( 0] 2 • 


(2.7.4.3a) 


Differentiating the eqs. (2.7.4.2a,b) in the variable x, multiplying the result by using the eqs. (2.1.2.1c,d) and 
(2.7.4.1), results: [15.4] 


\ d -^tr= \ { S’[q(t), t] + S'[q(t), t] x [x - q(t)] } = 

= V fc0 = [ 5 o ] x[x_9W]+ ' 9W " 
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(2.7.4.4a,b) 


m m a (t) 

SWt), t] = ^q(t) , S"[q(t), t]= ~^~y 

h clSTx, t — 2 L/c) h 

- 1 = - ( S’[q(t), t ~ 2 L/c ] + S'[q(t), t ~ 2 Lie ] x [x - q ( t )]) = 


■v (x, t - 2 Lie ) : 


a(t - 2 L/c) 

a(/) 


x [x ~ q(t )] + q(t - 2 L/c) 


m q(t - 2 L/c) m a (t - 2 L/c) 

S’[q(t), t ~ 2 L/c] = -, S'[q(t), t ~ 2 L/c] = j--^-. (2.7.4.4c,d) 

Substituting the eqs. (2.7.4.4a-d) in the eqs. (2.7.4.2a,b), we obtain: 

malt) m a it) ? 

S(x, t) = S o (t) + —j— x [x - q(t )] + 2 ^ x [x - <?(t)] , (2.7.4.5a) 

m q(t — 2 L/c) 

S(x, t- 2 L/c) = SJt - 2 L/c) + ^ x [x - q(t )] + 


m kit ~2 L/c) i 

+ 2hV X[,_?(,)1 ’ (2 - ?A5b) 


where [see eq. (2.1.3.11b)]: 

S o (t)^S[q(t), t], (2.7.4.5c) 

SU - 2 L/c) = %(t), t ~ 2 L/c ], (2.7.4.5d) 

are the classical actions. 


Differentiating the (2.7.4.5a) with respect to t, we have (remembering that = 0): [15.4] 


dS 

dt 


S (t) - 

o 


m -j(t) 


Jfl diW 

h i"q(t)-'q(t) [ ] } x [* “ 9(0] + 


m a (t) 
+ 2 h [ a(t) 


al£l 

a\t) 


] x [x ~ q{t)f . 


( 2 . 7 . 4 . 6 ) 


Using the eqs. (2.1.2.1c-e) and (2.7.2.4), results: 

dS(x, t) 2 

h dt +frac\2 m v qu + 

+ 2 h a [5(x, t) - S(x, t - 2 L/c)] + f = 0 . (2.7.4.7) 

Inserting the eqs. (2.7.4.1), (2.7.4.5a,b) and (2.7.4.6), in the eq. (2.7.4.7), ordering the result in potencies of [x, q(t)\, 
and remembering that [x, q(t)]° = 1, we have: [15.4] 

h 2 

Jfl r* 

{ h :s (t) - -jq(t) + 2 h a [ S tt) - S At - 2 L/c) ] + --} x [x - q(t)]° + 

0 2. oo 4 m a (t) 

+ { m 'q(t) + 2 a m[ 'q(t) ~'q(t ~ 2 L/c) ) } x [x - g(t)] + 
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m a i 


a(?) a (t - 2 L/c) 


+ ^ 2 a(t ) + m a t a (^) a (t ) 


tr t 

477} x [Jc-?(0r-«=0. (2.7.4.8) 


8 w a (?) 


As the eq. (2.7.4.8) is an identically null polynomium, all coefficients of the potencies must be all equal to zero, that 
is: 

1 1 h 2 

'S(t) = 2 m ~ 2 h « [ 5 At ~ 2 L/c, ) - Sit) ] - --} , (2.7.4.9) 

on/ o 0 4 m a (?) 

q(t) - 2 a [</(? - 2 L/c) -'</(?)] = 0 , (2.7.4.10) 


a(?) - 2 a [a(? - 2 L/c ) - a(?)] = - 5 -^—. (2.7.4.11) 

4 w a (?) 

Assuming that the following initial conditions are obeyed [see eqs. (2.1.3.21 a-d)]: 

q(0) = , p(0) = , a(0) = a ° , a(0) = b° , (2.7.4.12a-d) 

and that [see eqs. ( 2 . 1 . 2 .lc,d): 

m v x 

5/°)= —p, (2.7.4.13) 


the integration of ( 2 .7.4.9) gives: 


S o (?) = ^ />' { '</V) + 2 a [ .S 0 (?') - S Q (f - 2 L/c ) ] - 


4 w a 2 (?') 


mv x 

}+—P- (2.7.4.14) 


Taking the eqs. (2.7.4.14) in the eq. (2.7.4.5a) and considering the eq. (2.7.4.5b), results: 


S(x, ?)=[[/1 dt { | m g 2 (?') + 2 h a [ ,S 0 (?') - ,S’ () (?' - 2 L/c) ] - 


2 } + 
4 m a (?') 


x [* “ <?(?)] + Yh ^ x l x - ?(0f • (2.7.4.15) 


h + h 


The above result permit us, finally, to obtain the wave packet for the SN-EEE equation. Indeed, considering the eqs. 
(2.1.1.1), (2.1.3.1b), and (2.7.4.15), we get: [15.4] 

v T(.r, ?) = [2 Ji a 2 (?)]“ 1/4 exp { [ ^ 1 x [* ~ ?(*)] 2 } x 

. im'q(t) _ _ imV o X o. 

x exp { —r— x [x~ q(t)] + -r-} x 


i /» t 1 2 

exp ( h J o dt '( 2 mq ^ + 
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+ 2ha[S 0 (f)-S Q (f-2L/c)] 


4 m a {t) 


)} 


(2.7.4.16) 


2.7.5. Calculation of the Feynman-de Broglie-Bohm Propagator of the Schrodinger-Nassar Equation for an 
Extended Electron 

For to calculate the Feynman-de Broglie-Bohm propagator of the linearized SN-EEE along a classical 
trajectory, will be following the same operational protocol of the item 2.6.4. Thus, by using the eqs. (2.1.4.1-3,5,9), 
we can write that: [15.4] 

v F(.r, t) = ( + _Z K(x, x t) v|/(x 0) dx , (2.7.5.1) 

O O O 

0(v’ o , x, t) = (2 ji a ’) 1/4 , x, t ), ( 2.1.52 ) 


/ - Z dv D ®*( v 0 > x > 0 ®( v 0 ’ 0 = (8(x ~ x') , (2.7.5.3) 

q(v q , x, t) = (2 7i a'g) 1/4 <f> (v ,x, t ) 'F(v ,x, t ), (2.7.5.4) 

/ + oo , 171 r + GO , 

-oo /-oo ^V o O(v o ,x,f)x 

x 0*(v , x , 0) } x «F(x , 0) dx . (2.7.5.5) 

O O o o 

Comparing (2.7.5.1) and (2.7.5.5), we have: 

K{x, X g , t) = J -oo dv o O(v o ,x, 0 <t> (v o ,x 0 , 0). (2.7.5.6) 

Substituting the eqs. (2.7.4.16) and (2.7.5.2) into the eq. (2.7.5.6), we finally obtain the Feynman-de Broglie-Bohm 
Propagator of the Schrodinger-Nassar Equation for an Electron Extended (SN-EEE), remembering that 
i m v x 

® (v o , x g , 0) = exp (- ^ L - 2 ): 


m p + oo 

K ( X ’ X 0 ’t)= 2^h J - 00^ 



a(t) 


i m a (t) 1 2 

ex P^ 2 h a«“^ ]X[X “^ )] }X 


, i m ’q(t) r 

*exp { h [x - g(t)] } x 


" 1 

exp (r j' 0 df { g\f) + 2ha [S(f) - S (f - 2 Lie)]- - - 5 — } ], (2.15.1) 

n J z 00 4 m a (f) 


where q(t) and a(t) are solutions of the (2.7.4.10,11) differential equations. 

Finally, it is important to note that putting a = 0 into the eqs. (2.7.4.10,11) and (2.15.1) we obtain the free 
particle Feynman propagator. [2] 
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2.8. The Gross-Pitaevskii Equation 


In 1961, Eugene P. Gross [36] and Lev Petrovich Pitaevskii [37] proposed a non-linear Schrodinger 
equation to represent time dependent physical systems, given by: 

d'j’jx, t ) h" d 2 T'fv, t ) 

dt ~ 2 m & 2 + 

+ { V(x, i) + g | T(x, 0 | 2 } x 'Y(x, t ), (2.8.1) 

where *P(v, t) and V(x, t) are, respectively, the wavefunction and the time dependent potential of the physical system 
in study, and g is a constant. 


2.8.1. The Wave Function of the Gross-Pitaevskii Equation 

Putting the eqs. (2.1.1.1) and (2.1.1.2a,b) into the eq. (2.8.1), we have: [4,15.2,3] 

. 5m dS h 2 5 2 <p dS dm d 2 S dS 2 
/h( 5t + '> ¥ ) = “ & 2 + 2/^ 5x + /(p^J-9(^) 1 + 


dx 


+ [ V(x, t) + g <p (x, t) ] x cp( x , t), (2.8.1.1) 


Separating the real and imaginary parts of the eq. (2.8.1.1), results: 
a) imaginary part 

tl 

dx' 


h 8 S 5ip 8S 

dt = ~27,^T2 + 2 & &). ( 2 . 8 . 1 . 2 ) 


b) real part 


-h lr = - T~r[ ^ t|-( |ff] + V(x, t)+g<p 2 . (2.8.1.3) 


dt 


2 m 9 dx 2 


2.8.2. Dynamics of the Gross-Pitaevskii Equation 

Now, let us see the correlation between the expressions (2.8.1.2-3) and the traditional equations of the 
Fluid Dynamics: [8] a) Continuity Equation, b) Euler equation (for conservative systems) or b’) Navier-Stokes 
equation (for non-conservative systems). Thus, putting the eqs. (2.1.2.1a-f) into the eq. (2.8.1.2), and using the same 
operational protocol of the item 2.7.2, we obtain: [4,15.2,3] 


5£ 

dt 


+ 


5( 6 v ) 

C/ll 

dx 


= 0, 


( 2 . 8 . 2 . 1 ) 


expression that indicates coherence of the considered physical system represented by the Gross-Pitaevskii Equation 
(GP~E) [eq. (2.8.1)]; then the Continuity Equation it is preserved. 

Now, let us obtained another dynamic equation of the GP~E. Considering the eqs. (2.1.2.la-f) and 
(2.8.1.3), we have: [15.2,3] 

h CS ^qi ^ + \ m v qu + V(x, t) + V^Jx, t) + V Gp (x, t) = 0 . (2.8.2.2a) 


where: 


V GP ( X ’ 0 = g <P 2 (*, t) = g Q(x, t ), (2.8.2.2b,c) 
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is the Gross-Pitaevskii potential. 


Now, differentiating the eq. (2.8.1.3) with respect x, and using the eqs. (2.1.2.1a-f) and (2.8.2.2b,c), we 
have: [15.2,3] 


dv dv 

<?» ., an 

dt V qu dx 


I JL 

m dx 


(V+V + V ). 

qu GP 


(:2.8.23 ) 


We observe that the eq. (2.8.2.3) has the aspect of the Euler Equation [8] for a fluid in movement. 

Considering the substantive differentiation (local plus convective) or hydrodynamic differentiation, given 
by the eqs. (2.1.2.5a,b) and inserting into eq. (2.8.2.3), results: 

d 2 d 

V(X ’ + V qu {X ’ + V GP (X ’ f) ] ’ (2 - 8 ' 2 - 4) 


what has a form of the Second Newton Law, being the terms of the second member, respectively, the classical 
newtonian force, the quantum bohmnian force and the Gross-Pitaevskii force. 

2.8.3 The Quantum Wave Packet of the Linearized Gross-Pitaevskii Equation along a Classical 
Trajectory 

In order to find the quantum wave packet of the linearized Gross-Pitaevskii Equation ( GP~E ) along a 
classical trajectory, we must integrated the eq. (2.8.2.1). So, using the same protocol of the item 2.7.3, we have: 
[15.2,3] 

v qu (x, t) = fffjlx- q(t )] +'q{t) . (2.8.3.1) 

We observe that the integration of the eq. (2.8.3.1) given the bohmnian quantum trajectory’ of the physical system 
represented by GP~E. 

To obtain the quantum wave packet T(v , t) of the GP~E given by eq. (2.8.1), let us expand the functions 
S(x, t), V(xt), K (x, t) and V Gp (x, t) around of q(t) = <x> up to second Taylor order. In this way, using the eq. 

(2.1.3.14) we have: 

S(x, t) = S[q(t), t\ + S[q(t), t] x [x - q(t)] + \ S"[q(t) t] x [x - q(t)] 2 , (2.83.2) 


V 

qu 


V(x, t) = V[q(t), t\ + V\q(t), t] x [x - q(t)] + 
+ |r[q(t),t]x[ X -q(t)] 2 , (2.83.3) 


V (x, t) = V [q(t), t] + V \q(t), t] X [x - q(t)] + 
qu qu qu 1 


+ | V” [q(t), t] x [ X - q(t)] 2 , (2.8.3.4a) 


qu 

-2 


{x, t) = -^-- 

4 m a ( t) 8 m cf(t) 


h 2 

^-xfx-^r)] 2 , (2.8.3.4b) 


V Gp (x, t) - V Gp [q(t), t] + V Gp [q(t), t ] x [x - q(t)] + 


+ | F" Gp [q(t), t] x [ X - q(t)] 2 , (2.83.5) 
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2 2 

where (’) and (") means, respectively, d/dq and 8 Idq . 

Expanding the eq. (2.1.3.1a) around of q(t) = <x> lip to second Taylor order, results: 

1 2 

q(.t, t) = Q[g(r), /] + Q'[q(t), t ] x [x - q(t)] + 7 e"[q(t) t] x [X - q(t)] -» 


, . „ 2, .,,-1/2 , \x-q(t)\ 

q(x, t) = [2 7i a (/)] x exp { - —-j -} + 

2 a (t) 

+ [2n a 2 (t)f 1/2 x exp { ~ } x x l x ~ + 

2 a (t) a (t) 

, r 0 2 . An” 1/2 ^ , [X ~ q(t)T 

+ [2 7C a (01 x exp { - 2 } x 

2 a (t) 

x{: ^7^ + V^f }x[x '^ )]2 ' (2 - 8 - 3 - 6) 

2 a (t) 2 a (t) 

Using the expansion: exp(- z) ^ 1 - z in the eq. (2.8.3.6) and considering the terms up the second orders, we obtain: 

, A „ 2, An- 1/2 , [X ~ q{t)f 

q ( x , t) = [2 71 a (/)] x exp { - ——i-} x 

2 a (t) 

v , , , [X - r /(/)] 2 jx ~ r /( Q ] 2 _ 

a(t) 2 a(t) 

2 a (t) 2 a (t) 

ro 2,A,-1/2 v ,, , l£ ~ <y(Q ] 2 [x ~ q(t)f . 

= [2 n a (/)] X {1+ 2 , A ~ 2 , n i - 

2 a (t) 2 a (t) 

q(x, i) = [2n a\t)V 1/2 . (2.8.3.7) 


Inserting the eq. (2.8.3.7) in the eq. (2.8.2.2c), we have: 


V Gp {x,t) = g[2na\t)] 1/2 . (2.8.3.S) 


Comparing the eqs. (2.8.3.5,8), results: 

g 


v gpmo- « = ^ jr, ; v gpW>’ 11=l 0 ; t] 


= 0 . 


(2.8.3.9a-c) 


Differenting the eq. (2.8.3.2) in the variable x, multiplying the result by h/m and using the eqs. (2.1.2.1 c,d) and 
(2.8.3.1), we obtain: 

h c)S(x t') h 

- m { t\ + S"[q(t), t] x [ X - q(t)] } = V qu (x, t) = 
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= [ ^)] x [x-q(t)\+'q(t) -> 

S\q(t\ t ] = S"[q(t), t] = f (2.8.3.10a,b) 

Substituting the eqs. (2.8.3.10a,b) into eq. (2.8.3.2), we have: 

m 'a(t) m a(0 ^ 

S(x, t) = S Q (t) + -f 2 x [x - ? (t)] + ^ ^ x [ X - 9(0]“ , (2.8.3.1 la) 

where [see eq. (2.1.4.11b)]: 

SU) = S[q(t), 0 . (2.8.3.11b) 


Differenting the eq. (2.8.3.11a) in relation to the time t and using the eq. (2.1.3.2), results (remember that dx/dt = 0): 
[15.2,3] 


dS(x, 0 m 9(0 m ^ _ r a(0 , 

dt = S o^ “ “1^ + h ‘ 9(0 - 9(01 7(0 ]} x [* - 9(01 + 


m a(7) 

+ 2 h *- a(f) 


alO 

« 2 (0 


] x [x - 9(0] 2 . 


(2.8.3.12) 


Using the eqs. (2.1.2.1c-e) and (2.8.2.3), we obtain: 



h J_ 8 2 (p 
2 m (p q x ^ 


m 8S i 

Y ( Sx )" J + F (x, 0 + V Gp (x, 0 


ds i ? 

h ¥ + 2 m V + F ( x ’ 0 + V q S x ' 0 + F GP ( X > 0 = 0 • (2.8.3.13) 

Inserting the eqs. (2.1.3.1b) and (2.8.3.1,3,5,9a-c,12) into eq. (2.8.3.13), ordering the result in potencies of [x - 9(0], 
and considering that [x - 9(0]° = 1, we have: [15.2,3] 

fc 2 

171 i 2 n n 

{f> '5 (0 - T 9 (0 + 109(0, 0 + — n: + --T“ } x [* “ 9(0] + 

0 1 fl(0 \ 2lt 4ma (t) 

+ {m 9(0 + U[9(0, 0} x [* - 9(0] + 

2 

+ {f 7m + ^'[q(t),t]- ~~ 4 ~ } x [x - (q)t)] 2 = 0 . (2.8.3.14) 

x. x- 8 m a (t) 

As the above relation [eq. (2.8.3.14)] is an identically null polynomium, the coefficients of the potencies must be all 
equal to zero, that is: 

\ J71 1 2 

'S(t) = r { y 9 (0 - 109(0, 0 - — f~j=- ~ -277} . (2.8.3.15) 

° n z fl(0Vn 4 m a (i) 

9(0+ y ^9(0, 0 = 0, (2.8.3.16) 
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1 

m + - V"MX t] X a(t) = ,3 . (2.8.3.17) 

4 m a (t) 

Assuming that the following initial conditions are obeyed [see eqs. (2.1.3.21a-d): 

q( 0)=x , 'q( P) = v , a(Q) = , a(0) = & o , (2.8.3.18a-d) 

and that [see eqs. (2.1.2.1c,d) and (2.8.3.11b)]: 

m v x 

SJV) = > (2.8.3.19) 


the integration of the expression (2.8.3.15) will be given by: 

1 /» f Jfl 9 

S o (t)= s J 0 <*’{ y? 2 (0-H?(0, n- 


a(f) y/2rc 4 m a 2 {t [ ) 


} + 


mvx 

+ —r - ^. (2.8.3.20) 


Taking into account the eq. (2.8.3.20) in the eq. (2.8.3.11a) and considering the eq. (2.8.3.11b), results: 

_g _ _JL 


1 /* f ffl -) 

S{x, 0 = j- J Q dt'{ jq(t') - V[q(f), f\- 


a(f) k/2 ~n 4 m a 2 (?) 




+ x [x - qit)] + ^ X [x - q ( t )] 2 . (2.8.3.21) 

The eq. (2.8.3.21) permit us, finally, to obtain the wave packet for the GP~E. Indeed, considering the eqs. (2.1.1.1) 
and (2.1.3.1b), we get: [15.2,3] 

T'fx, t) = [2 7t a 2 (t)\ 1/4 x exp { [ ^ ^ ] x [x - g(t)] 2 } x 


■ / i m v x 

, i m q(t ) _ , _ oo, 

x exp { * x [X - (/(?)] + I } x 


i r t m 2 

e*p( h J o df { y w ' q (0 


— K=-V[q(f), f] - - -5— } )• (2.8.3.22) 

ait) \j2iz 4 m a (f) 


2.8.4. Calculation of the Feynman Propagator of the Linearized Gross-Pitaevskii Equation along a Classical 
Trajectory 

For to calculated the Feynman-de Broglie-Bohm propagator of the linearized GP~E along a classical 
trajectory, will be following the same operational protocol of the item 2.7.4. Thus, by using the eqs. (2.1.4.1-3,5,9), 
we can write that: [15.2,3] 


v F(x, t)= f-Z K ( x , x ;t, 0) ¥(x , 0) dx Q , (2.8.4.1) 


®(v , x, t) = (2 Ji a~) 1/4 ^(v , x, t ), (2.8.4.2) 
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f - Z dv Q 0*(v o , x', t) 0( v o , X, 0 = ( ) 5(x - x'), (2.8.4.3) 


q(v^, x, 0 = (2 7i a’) 1/4 <t> (v^, x, t ) 'P(v o , x, 0 , (2.8.4.4) 


^(x, 0= /-“{( f-°l dv 0 ®( v 0 ’x> 0 ®*( v 0 > X Q ’ 0) I x 

x Y(x , 0) dx Q . (2.8.4.5) 

Comparing the eqs. (2.8.4.1,5), we have: 

K(x, x q , t ) = ( ^-j-) / ! * dv () <t>(v Q , x, t ) <t> (v q , x q , 0) . (2.8.4.6) 


Substituting the eqs.(2.8.4.1,2) in the eq. (2.8.4.6), we obtain the Feynman Propagator of the linearized GP~E along 

i mv x 

* 0 0 

a classical trajectory, that we were looking for, that is [remembering that <f> (v q , x^, 0) = exp (— -j"-)]: 


K {x,x o ,t) = {Y^) f + Z d \\\^ 


i m a(t) 1 ? 

Xex P^ 2 h fl(0“^ }X[X '^ )n>< 


,imq{t) r 

x exp { h x [ x - q (t)] } x 


x exp ( ^ { f - 9 2 (0 - -T^= - F[?(0, f] ~ , h 2/ , } ), (2.8.4.7) 

z a(f) y /2 k 4 m a (?) 

where q(t) and a(t) are solutions of the differential equations given by the eqs.(2.8.3.16,17). 

Finally, it is important to note that putting g = 0 and V[q(?), f\ = 0 into eqs. (2.8.3.16,17) and (2.8.4.7), we 
obtain the free Feynman propagator. [2] 

3. Conclusions 

In this article, we calculated the Feynman Propagator for eight non-linear Schrodinger equations. To 
obtain these propagators we adopted the quantum mechanical formalism of the de Broglie-Bohm. This was done 
because this formalism permits to perform essential linear approximations along the classical trajectories that are the 
basic ingredients of the of the Feynman’s principle of minimum action of quantum mechanics. Besides, in particular 
case of the free particle, our results confirms the calculations realized by Feynman and Flibbs. [2] 

3. Conclusions 

In this article, we calculated the Feynman Propagator for many non-linear Schrodinger equations. To 
obtain these propagators we adopted the quantum mechanical formalism of the de Broglie-Bohm. This was done 
because this formalism permits to perform essential linear approximations along the classical trajectories that are the 
basic ingredients of the of the Feynman’s principle of minimum action of quantum mechanics. Besides, in particular 
case of the free particle, our results confirms the calculations realized by Feynman and Flibbs. [2] 
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